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sina sin 2a sin na
2480. ot o T e TR T

2481. ]E:(-l)"ﬂﬁﬁ. 2482, ;gd( 1)*-" tan v"
2483. Convince yourself that the d’Alembert test for conver-
gence does not decide the question of the convergence of the

series ¥, a,, where
1=1

2k-1 2k—| k 1
azk—1=5ﬁ' azk="§k_ k=1, 2,...),

whereas by means of the Cauchy test it is possible to establish
that this series converges.

2484*. Convince yourself that the Leibniz test cannot be
applied to the alternating series a) to d). Find out which of
these series diverge, which converge conditionally and which con-
verge absolutely:

1 1 1 1 1

1
a) V2‘—1_V§+1+V§—1—V§+1+V4"—1_V4‘+1+"'
_ 1 _ 1 .
(“’k-"vm—l' o= Vm+1>’

1 1 1 1 1
b l—gt+g—gta—z+...

1 1
<a2k-—1 = ok=1" Qpp=— 32k-1) ’
1 1 1 1 1
=gtz —gts—zt
1 1
<azk-1—2k_l ’ azk—_?i;)’

1 11,1 1
d) 3'—1"_7_§+ﬁ__§+“-
1 1
(aqu:m—,, a=k=-4k—_§>-
Test the following series with complex terms for convergence:

® -]

2485, 212;$Qf. 2488. ¥ 2.
2486, 3 A@—D" 2489. 1
Z 3 ,;VMH

®

1
2487. 52;5731757’

)
=
8

Ms



Sec. 1] Number Series 303

o

) [ n@—)+17"
2491, Em‘n—“‘_l),]! 2492. ,.}':‘, [n (3-2:')-3;'] ’

2493. Between the curves y=x]—, and y=;cl—z and to the right

of their point of intersection are constructed segments parallel
to the y-axis at an equal distance from each other. Will the sum
of the lengths of these segments be finite?

2494. Will the sum of the lengths of the segments mentioned
in Problem 2493 be finite if the curve y:—l— is replaced by the

x?

1
curve y=— ?

8

2495. Form the sum of the series -
Does this sum converge? )
2496. Form the difference of the divergent series 2211

and 2 — and test it for convergence.

n=i

2497. Does the series formed by subtracting the series

o«
1 . 1
L S - ?
HZ—I 5,—7 irom the series n};: —- converge:
2498. Choose two series such that their sum converges while
their difference diverges.

2499. Form the product of the series Z Vo and 22,, .
n n

n=1

Does this product converge?

2500. Form the series (1-{—%—{-—;——}— ...—}—?,l—_—,—l— )3 Does

this series converge?

2501. Given the series 14-% 3‘—}- —i-(_n,l) ... Estimate
the error committed when replacing the sum of this series with
the sum of the first four terms, the sum of the first five terms.
Whatl can you say about lhe signs of these errors?

2502*, Estimate the error due to replacing the sum of the

series | . . L/ 1n
rra(z) +a(e)+ o +am(e) +o

by the sum of its first n terms.
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2503. Estimate the error due to replacing the sum of the
series

1 1 1
I+5+5+ ... +5+--.
by the sum of its first n terms. In particular, estimate the accu-
racy of such an approximation for n=10.

2504**. Estimate the error due to replacing the sum of the
series

R R R

by the sum of its first n terms. In particular, estimate the accu-
racy of such an approximation for n=1,000.
2505**. Estimate the error due to replacing the sum of the

series
1+2(§)’+3(%)°+..,+n(%)”'ﬂ+.”

by the sum of its first n terms.

(="
n

2506. How many terms of the series Z does one have

n=1
to take {o compute its sum to two decimal places? {o three
decimals?

2507. How many terms of the series 2 does one

_n_
@nrns5”

have to take to compule its sum to two decimal places? to three?
to four?

. . 1 1 1

25?8*. Find the sum of the series l—-§"|'2-_3+§-71+"'+
tamEn T

2509. Find the sum of the series

Vit (Vx—V )+ 5=V )+ 0 Y =" 0) + ...

Sec. 2. Functional Series
1°. Region of convergence. The set of values of the argument x for which
the functional series
)+ @+. .+ ()+... (1)

converges is called the region of convergence of this series. The function
S (x)= lim S, (x),
n-wo
where S, (X)=f, () +f, () + ...+ [, (x), and x belongs to the region of con-

vergence, is called the surm of the series; R, (x)=S8 (x)—S,, (x) is the remainder
of the series.
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In the simplest cases, it is sufficient, when determining the region of
convergence of a series (1), to apply to this series certain convergence tests,
holding x constant.

Diverges , Converges Diverges
—__rmcuzﬁ%______
-3 -1 0 1 X

Fig. 104

Example 1. Determine the region of convergence of the series

x4+1 (x+1)2, (x4 1)? (x+1)"
T2t o T3 t Tt @

Solution. Denoting by «, the general term of the series, we will have

lim |"n+1|__: [x4+1["+12"%n =|x+”
n>o |Uyl now 2"t (n+1) | x|? 2
Using d’Alembert’s test, we can assert that the series converges (and converges

absolutely), if I"f—_;}—-l<l. that is, if —3 <x < 1. the series diverges, if
lx+1]
2

> 1, that is, if —e0o <x<—3 or 1 <x< o (Fig. 104). When x=1
we get the harmonic series l+%+ ~;—+ ..., which diverges, and whenx= —3

we have the series —l+l2——:]3—+..., which (in accord with the Leibniz

test) converges (conditionally).
Thus, the series converges when —3<<x < 1.
2°. Power series. For any power series

G- (x—a)+cy(x—a)+ ...+, (x—a)* +... (3)

(¢, and a are real numbers) there exists an interval (the inferval of conver-
gence) | x—a| < R with centre at the point x=a, with in which the series (3)
converges absolutely; for | x—a|> R the series diverges. In special cases, the
radius of convergence R may also be equal to 0 and . At the end-points of
the interval of convergence x=a + R, the power series may either converge
or diverge. The interval of convergence is ordinarily determined with the
help of the d’Alembert or Cauchy tests, by applying them to a series, the
terms of which are the absolute values of the terms of the given series (3).
Applying to the series of absolute values

lel+lallx—al+...+leql | x—al®+...

the convergence tests of d’Alembert and Cauchy, we get, respectively, for the
radius of convergence of the power series (3), the formulas

1 : [

R=——o—— and R= lim n

lim J/lcyl n-wo

n->ow

Cn+1

However, one must be very careful in using them because the limits on the
right frequently do not exist, For example, if an infinituce of coefficients ¢,
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vanishes [as a particular instance, this occurs if the series contains terms
with only even or only odd powers of (x—a)], one cannot use these formulas.
It is then advisable, when determining the interval of convergence, to apply
the d’Alembert or Cauchy tests directly, as was done when we investigated
the series (2), without resorting to general formulas for the radius of con-
vergence.

If z=x-+41y is a complex variable, then for the power series

cte (2—2)+c,(2—2z)+ ... Fc,(2—2)" + ... “4)

(cp=a,+ib,, 2,=2x,-+ iy,) there exists a certain circle (circle of convergence)
|z—2z,| < R with centre at the point z=z2,, inside which the series converges
absolutely; for |z—z,| > R the series diverges. At points lying on the cir-
cumference of the circle of convergence, the series (4) may both converge and
diverge. It is customary to determine the circle of convergence by means of
the d’Alembert or Cauchy tests applied to the scries

leol e lz—z, [+l lz—2 |2+ ...+ cul-l 2—2o "+ .. .,

whose terms are absolute values of the terms of the given series. Thus, for
example, by means of the d’Alembert test it is casy to see that the circle of
convergence of the series

241, (2417 241y @+H"
l-2+ 2.22 + 3.23 +et n-2" +..

is determined by the inequality |z+ 1] <2 [it is sulficient to repeat the cal-
culations carried out on page 305 which served to determine the interval of
convergence of the series (2), only here x is replaced by z]. The centre of
the circle of convergence lies at the point z=—1, while the radius R of this
circle (the radius of convergence) is equal to 2.

3°. Uniform convergence. The functional series (1) converges uniformly on
some interval if, no matter what & > 0, it is possible to find an N such that
does not depend on x and that when n> N for all x of the given interval
we have the inequality |R, (x)| <e, where R, (x) is thc remainder of the
given series.

1f [fn)|<c, (n=1, 2, ...) when a<<x<{b and the number series
2 ¢, converges, then the functional series (1) converges on the interval
n=i
la, b’ absolutely and uniformly (Weierstrass’ test).

The power series (3) converges absolutely and uniformly on any interval
lying within its interval of convergence. The power series (3) may bc term-
wise differentiated and integrated within its interval of convergence (for
| x—a| < R); that is, if

GFe(x—a)tc, (x—a)+ ...+, (x—a)'+ ... =f (x), (5
then for any x of the interval of convergence of the series (3), we have
a+2,(x—a)4 ...+ ne, (x—a)* "4 ... =f" (x), (6)

X X X

S codx 4 S ¢, (x—a)dx+ S Cy(x—a)tdx+... +ch,, (x—a)*dx+...=
Xo

%o Xo Xy

N =)t (r—a)™ ;
_.ch P _Sf(x)dx (7
n=o0

Xo
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(the number x, also belongs to the interval of convergence of the series (3)].
Here, the series (6) and (7) have the same interval of convergence as the

series (3).

Find the region of convergence of the series:

s
:'xl'—

2510.

n=1

® . 1
2511. ,;(——1) .

- n+1 ]
2512, Y (—1)"* prs

=

S |

sin (2n—1) x
@n=1% °

2513.

ZTM

n

2514, 2 2"sin % .
n=o0

2515+, Y (B

(’""
n=o0
2516, . (— 1)+ e-nsnx,
n=o
2517. 3 0.

n=i

2518.

2519.

2520.

25621.

2522.

2523.

2524*.

2525.

i
n!x®’

M

=
i

1
(2n—~ 1) x**

[\Aﬁ IIMS

(x oo
Z 2n+1

(n - 1)s x2%°
n=9

»n
S Al
n-3" (x—5)"%"
n=i
o
-3 nn
ek 1t "

n=1-
1
( x" +2Tx") ’

zx

n=-1

Samsa

Find the interval of convergence of the power series and test
the convergence at the end-points of the interval of convergence:

2526. ¥ x".
n=o

2527. 3 .
Il 1

‘Il 1

2528. 22,1_]
rl 1

oQn—1yin—1
—~ @n—3) °
2530, 3 =0T

n
n=1

2529.
n

2531.

2532.

2533.

2534.

2535.

2‘(” + 15 k20
n=o 2n+-1

Y (=1 @rp 1) an,

n=o0
4

PR
mc
n=1
Z n!x",
n=1
[ ]

“"
2

n=1
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2636 3. (52y) & 2551. Z"‘;ﬂ’: -
= 2,n3 (x—2)"
2537. ,.Z=.,3ﬂx 2552. 2(2,1__])2,..
2538. 3, (5 )" 2553, Z(—l)"“
n=1 n=1
bd n 2n—1)*"* (x—1)"
2530, 3 2 X =gy -
n=j ® "
. on 2554, . 2T
2540. Y X ,.2=. n
- 2655. 3, - -_——_("‘*""
9541. ¥ xnt, &=t (n+1)In*(n+41) °
"2:‘1 o (x 3):n
® 2556, » — o —°F
2542%%. )" nl xn!, st Din(atn)”
© 2557. 3. (—1)"* X
2543%. ) 5 nz-_:,
n=1 >< (x_2)n
o544r. 3 X @FDTa D -
. n‘_‘l n © (x+2)n'
2558, 3,
n- ,(x—S) n=1
2545. HZ( Iy . o
- 2659 . (1+) (x—1)"
2546. 3 00, n=
n=1 N (2/1—-1)” (x+ l)"
- 2560. 3 EokEE
2547, 3 ) = Y
ne 2561, 2_( DrEEEE
2548, 3" (—1y-1 =27
n=1 2n : X(X_Q)"
-~ (x+3)" (3n-—2) (x—3)»
2549. o] n? 2562. - W,—- .
= n=o0
2650. 3" n" (x + 3)° 2563, 3 (—1)" &=
r12=: )y ,,z;:o( )(2n+l)l/u-}l.




Sec. 2) Functional Series 309

Determine the circle of convergence:

o - ]
) (z—2i)*
2564. Y i"z". 2566. Y “—=- .
n=o0 n=1
: ® zlll
2565. ,,2‘-.,(1 i) 2°, 2567. n}__‘_,ﬁ

9568. (1+2i)+(1 +20)(3 +2) 24 ... +
+(14+2)3 +2i)...@n+1+20)2" ...

2 F4

n

2z
‘ "+(l—i)(l—2i)...(l-—ni)+ Tt

Q‘ 142ni\"”
2570. 2; () =
2571. Proceeding from the definition of uniform convergence,
prove that the series

T4+x+x4+...4+x"+...
does not converge uniformly in the interval (—1, 1), but con-
verges uniformly on any subinterval within this interval.

Solution. Using the formula for the sum of a geometric progression, we
get, for | x| <1, a1
X

R, (x)=x"+t"4x"+24 | =

1—x

Within the interval (—1, 1) let us take a subinterval [—1+a, 1—a], where
a is an arbitrarily small positive number. In this subinterval |x|<<1—a,
| 1—x|>=a and, consequently,

| —a)r+?

(
IR, () << p

To prove the uniform convergence of the given series over the subintervat
[—1+4a, 1—a], it must be shown that for any e > 0 it is possible to choose
an N dependent only on e such that for any n >N we will have the ine
quality IR, (x)| <e for all x of the subinlterv;x,l“rt,mder consideration,

(1—a
pu==

Taking any €>0, let us require tha < e; whence (1 —a)"+'<ea,

(n+1)In(1—a) < In(ea), that is, n+41 >Tx:r;l(;—(f)a) [since In(1—a) < 0] and
In (ea) . _ In(ea) _ .
n>m_l. Thus, putting N—1n T—a) 1, we are convinced that

when n> N, |R,(x)| is indeed less than e for all x of the subinterval
[—14a, 1—a] and the uniform convergence of the given series on any sub-
interval within the interval (—1, 1) is thus proved.

As for the entire interval (—1, 1), itnf?ntains points that are arbitrarily

close to x=1, and since lim R, (x)=Ilim X —, no matter how large n is,
X1 x-»1 1—x
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points x will be found for which R, (x) is greater than any arbitrarily large
number Hence, it is impossible to choose an N such that for n > N we
would have the inequality |R, (x)| <e at all points of the interval (—1, 1),
and this means that the convergence of the series in the interval (—1, 1)
is not uniform.

2572. Using the definition of uniform convergence, prove that:
a) the series

I+ 55+ o

converges uniformly in any finite interval;
b) the series
X2 Xt 28 (— 1)1 xtn

Tty -t

converges uniformly throughout the interval of convergence
(—1, 1);

c) the series
1 1 1
It+gmtmt.. =+

converges uniformly in the interval (14-8, o) where 8§ is any
positive number;
d) the series

(=X F (= x) (P —=x®) (=)

converges not only within the interval (—1, 1), but at the extre-
mities of this interval, however the convergence of the series in
(—1, 1) is nonuniform.

Prove the uniform convergence of the functional series in the
indicaled inlervals:

2573. Z%—: on the interval [—1, 1].
n=i
2574. 2%’5 over the entire number scale.

n=1

2575. Z(—l)"“];—':n_ on the interval [0, 1].
Applyi,;igl termwise differentiation and integration, find the
sums of the sezries:
2576. x+5+54+ ..+ ...

Xt x8 n-1 X"
25717. x—?‘*‘g—.. +(':—l]) IF_I_"'

2578, x+5+5+ . gt
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x? Xt poy X7
2579. x———3—+-5--—'.. +(—1) 2n_]+.
2580. 1 -2x+3x+ ...+ (nd+1)x"+ ...
2581. 1—3x"4 bx*— ...+ (=1)"" @n—1) "4 ...
2582, 1.24-2-3x+34x’+ ... +n(r+ 1) x""+ ...
Find the sums of the series:

1 2 3 n
2583. -;+-)C—2-{—?,+.. '+x—"+ cee
xw-a

5 9
2584. x+"§+%+.. =t
(==

1 1 1
2585*. 1—373—1—5*33——-,7—?—{- o +W__"+ cee

1 3 5 2n—1
2586. ?—!—? Jr‘?"*-.. . +'—§ﬁ—+ .

Sec. 3. Taylor’s Series

1°. Expanding a function in a power series. If a function f(x) can be
expanded, in some neighbourhood |x—a|< R of the point a, in a series of
powers of x—a, then this series (called Taylor’s series) is of the form

, " (a . " (a

0 =1@+F @ —a+ 50 e @ g
When a=0 the Taylor scries is also called a Maclaurin’s series. Equation (1)
holds if when [x—a| <R the remainder term (or simply remainder) of the
Taylor series

n k)
Ru1=1 0= [1@ 3 L@ r—at]| —o0
k=1

as n — .
To evaluate the remainder, one can make use of the formula
__(X—a)"‘*’ i :
R, (x)= ETESE f la+0 (x—a)], where 0 <0 <1 2)

(Lagrange’s form).
Example 1. Expand the function f(x) = coshx in a series of powers of x.
Solution. We find the derivatives of the given function f(x)=coshzx,
f' (x)==simhx, ["(x)=ccshx, [ (¥)=sinhx, ...; gencrally, ™ (x)=coshx,
if n is even, and fU"(x)=sinhx, if n 1s odd. Putting a=0, we get f (0)=1,
f(0)=0, f"(0)y=1, "' (0)=0, ...; generally, f¥(0)=1, if n is even, and
" (0)=0 if n is odd. Whence, from (1), we have:

x‘m

am e 3)

To determine the interval of convergence of the series (3) we apply the
d’Alembert test. We have

x2n+2 A28

lim | — ;. - _|= lim __._.f_z_..___:o
nox | (2n42)1 " (2a)l| nsw(2n41)(2n+2)

xt X
COth=1+—2T+7ﬁ—+...+
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for any x. Hence, the series converges in the interval —e < x < . The
remainder term, in accord with formula (2), has the form:

X" coshOsx, if n is odd, and
R, (x)=(—ﬂ_—i—)! cosh0x, if n is odd, an
ARE WO if n i
R, (x)_m! sinh O x, if n is even.
Since 0> 0>1, it follows that
0x -fx Ox___ ,-fx
|cosh9x|=e—+;——<e’”, lsinh9x|=|e———e— <e *!,
and therefore | R ()c)l<|x'"+l el ¥ A series with the general term Lx1”
n (n+ D) . = n!

converges for any x (this is made immediately evident with the help o
d’Alembert’s test); therefore, in accord with the necessary condition for
convergence,

| x|+

now (0

and consequently lim R, (x)=0 for any x. This signifies that the sum of the
n

—®

series (3) for any x is indeed equal to coshx.
2°. Techniques employed for expanding in power series.
Making use of the principal expansions

x  x* X"
I. Bx=l+ﬁ+ﬁ+...+a+... (—oo<x<oo),

. _x P I ] n x2n+1
lI.smx—ﬁ—E!-—l—a—...—{-(—l) (2n—m+ (—oo < x< o),
111. cosx=1 xz—}-xd ])"-f—’—'--}- (—oo <x< ®)

. = ""é‘i 4—’—.+(— (2?1)! ces ’

IV, (1 +x)™=1 +%x+’£(—m2-l_—-l—)x2+

“+m(m—1)...'(m——n—{—l)x,,_*_”.

nl

(—l<x<)™),
x? i L xn
\Y ln(l+x)=x——2—+§—...+(——l)" '74—... (—l<x<g)),

and also the formula for the sum of a geometric progression, it is possible,
in many cases, simply to obtain the expansion of a given function in a po-
wer series, without having to investigate the remainder term. It is sometimes
advisable to make use of termwise differentiation or integration when expan-
ding a function in a series. When expanding rational functions in power
series it is advisable to decompose these functions into partial fractions.

*) On the boundaries of the interval of convergence (i.e., when x=—1
and x=1) the expansion IV behaves as follows: for m =0 it converges abso-
lutely on both boundaries; for 0 >m >—1 it diverges when x=—1 and
ﬁonfiitlonally converges when x=1; for me—1 it diverges on both boun-

aries.
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Example 2. Expand in powers of x *) the function

3
F == as0"

Solution. Decomposing the function into partial fractions, we will have

1 2
fO=1—+ire

Since
i—-_l—}=l+x—l—x’—l—...= V' " @)
n=0
and
l o
m:l—-% +(2x)2—. _—z (— 1)2mxn, (5)
n=o
it follows that we finally get
o o
f(x)=2x"+2§: (=1 2% =3 (14 (= D" 27+ xm, )
n=o n=0 n=o

The geometric progressions (4) and (5) converge, respectively, when |x| <1

and Ix|<§; hence, formula (6) holds for |x,|<-2—, i.e., when
Lex<d
) 2

3°. Taylor’s series for a function of two variables. Expanding a function
of two variables [(x, y) into a Taylor’s series in the neighbourhood of a
point (a, b) has the form
1 qa 0 1 a
Fx, y)=Ffla, b+ [(x—a) 5;'1"(!/—17) d_y]f(a' b+ 5 [(x—a)a'i'
0 a 21" ,
+—b 5 ] f@ b+. +m [(x—a)a-l-(y—b)@] [ab+... (D

If a=b=0, the Taylor series 1s then called a Maclaurin’s series. Here the
notation is as follows:

7] A of (x, J
[e—ag+u-ng|i@o=T52)  w—atTED|  w—v
x=a x=a
y=b y=b
a2 a%f (x,
[(x-—a>a‘1x+(y—b)@] fa=2LED | gy
x=a
y=b
0?
+2"§,§’g;" w—ay—0+ZLED) by and so forth,
= i

*) Here and henceforward we mean “in positive integral powers”,
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The expansion (7) occurs if the remainder term of the series
51 F) a7k

Rute, D=1 n—{f @, D> ai[e—agz+u—n3] 1@ o} —o
=1

as n—> . The remainder term may be represented in the form
1 d b ar+!
Rus, 0+ gy =) g+ =0 2] ) ,

x=a+h(x-a)
y=b+i(y-b)

where 0 <0< 1.

Expand the indicated functions in positive integral powers
of x, find the intervals of convergence of the resulting series and
investigate the behaviour of their remainders:

2587. a* (a>0). 2589. cos (x4 a).
: T 2590. sin® x.
2588. sin (" 3 ) ‘ 2591*. In (24 x).

Making use of the principal expansions [-V and a geometric
progression, write the expansion, in powers of x, of the following
functions, and indicate the intervals of convergence of the scries:

2¢—3 2

2592. G- 2598. cos® x.
3x—>5 .

2593. pomyse 2599. sin 3x 4+ x cos 3x.
—2 X

2594. xe x. 2600. m .

595. ™. 2601. — |

2595. ¢ | 1 Vi

2596. sinh x. 2602. In ;7%

2597. cos2x. 2603. In (1 +x—2x?%).

Applying differentiation, expand the following functions in
powers of x, and indicate the intervals in which these expansions
occur:

2604. (1 4+ x)In (14 x). 2606. arcsinx.

2605. arctan x 2607. In(x+VT1+x).

Applying various techniques, expand the given functions in
powers of x and indicale the intervals in which these expansions
occur:

2608. sin® xcos® x. 2612 x2—3x 41
2609. (1 +x)e %, x2—5x+6"°
2610. (1 + &%) 2613. cosh® x.

N 1
2611. /8t x. 2614. .
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2615, In(x* +3x + 2). x ’
2618, (MULHE,
2616. g¥dx. ;
0 r dx
p 2619. S
2617. Se""dx. v Vi—x.

Write fhe first three nonzero ferms of the expansion of the
following functions in powers of x:

2620. tanx. 2623. sec x.
2621. tanh x. 2624. Incos x.
2622, ewosx, 2625. e*sin x.

2626*. Show that for computing the lenglth ot an ellipse it is
possible to make use of the approximate formula

sz2na(l—§),

where € is the ecceniricity and 2a is the major axis of the
ellipse.

2627. A heavy string hangs, under ils own weight, in a ca-
tenary line y=acosh%, where a=11 and H is the horizontal

tension of the string, while ¢ is the weight of unit length. Show
that for small x, to the order of x*, it may be taken that the

string hangs in a parabola y=a ¢ ;—Z

2628. Expand the function x*—2x*—5x—2 in a series of
powers of x-| 4.

2629. f(x) =056x'—4x*—3x+2. Expand f(x+h) in a series of
powers of &
2630. Expand Inx in a series of powers of x—1.

2631. Expand % in a series of powers of x—1.

2632. Expand ;15 in a series of powers of x+ 1.
2633. Expand :

x24-3x+2
2634. Expand AT in a series of powers of x +2.
2635. Expand e” in a series of powers of x+2.
2636. Expand }x in a series of powers of x—4.

2637. Expand cosx in a series of powers of x——% .

2638. Expand cos’x in a series of powers of x—i:—.

in a series of powers of x 4.

l—x

2639*. Expand Inx in a series of powers of Tz °
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2640. Expand ———— l_x in a series of powers of =/ +
2641. What is the magnitude of the error if we put appro-
ximately
ex 2+ gtatg?
2642. To what degree of accuracy will we calculate the num-
ber %, if we make use of the series

% %8
arctanx-—x—-?—i—g—...,

by taking the sum of its first five terms when x=1?
2643*. Calculate the number % to three decimals by expand-

ing the function arcsinx in a series of powers of x (see Exam-
ple 2606).
2644. How many terms do we have to take of the series

cosx=1——m—{—..,,

in order to calculate cos18° to three decimal places?
2645. How many terms do we have to take of the series

sinx= x——5~,+ .

to calculate sin 15° to four decimal places?
2646. How many terms of the series

=145+ 5+. .

have to be taken to find the number e to four decimal places?
2647. How many terms of the series

ln(1+x)=x—x—22+...,

do we have to take to calculate In2 to two decimals? to 3 de-
cimals?

2648, Calculate /7 to two decimals by expanding the func-
tion y/8-Fx in a series of powers of x.

2649. Find out the origin of the approximate formula
l/a‘—i—xza+-2"71 (@>0), evaluate it by means of V23, putting
a=>5, and estimate the error.

2650. Calculate /19 to three decimals.
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2651. For what values of x does the approximate formula

xl
cosx=~1 —5

yield an error not exceeding 0.01? 0.001? 0.0001?
2652. For what values of x does the approximate formula

sin xax

yield an error that does not exceed 0.01? 0.001?
1/2

2653. Evaluate Ss—ilfdx to four decimals.

0

2654. Evaluate Se"‘zdx to four decimals.

2655. Evaluate \}/xcosxdx to three decimals.

2656. Evaluate _dx to three decimals.

Vx

\_,3_°t/1.-°

4

\ VT dx to four decimals.

—=°

2657. Evaluate

-

I
2658. Evaluate SV;e”dx to three decimals.

2659. Expand tlole function cos(x—y) in a series of powers
of x and y, find the region of convergence of the resulting series
and investigate the remainder.

Wiite the expansions, in powers of x and y, of the following
functions and indicate the regions of convergence of the series:

2660. sinx-siny. 2663*. In(1—x—y + xy).

2661. sin ()C: -{—y’). L 664, arctan x+y

l—x-I—y —xy

2662*, -

2665. f(x, ¢ J)—ax +-2bxy +cy*. Expand f(x+ h, y+ k) in po-
wers of A and &

2666. f(x, J)—x —2y*4-3xy. Find the increment of this
function when passing from the values x=1, y=2 to the values
x=14+h, y=2+4k.

2667. Expand the function e¢**” in powers of x—2 and y+2.

2668. Expand the function sin(x+y) in powers of x and

1
V—5-
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Write the first three or four terms of a power-series expansion
in x and y of the functions:

2669. e* cos y.

2670. (1 +x)'*7.

Sec. 4. Fourier Series

1°. Dirichlet’s theorem. We say that a function f(x) satisfies the Dirich-
let conditions in an interval (a, b) if, in this interval, the function

1) is uniformly bounded; that is [f(x)|<<M when a<x<b, where M
is constant;

2) has no more than a finite number of points of discontinuity and
all of them are of the first kind [i.e., at each discontinuity §

the function f(x) has a finite limit on the left f (E—0)= lim f(§—e) and a
e—>0
finite limit on the right f (§4+0)= lim f(§+¢€) (e > 0)];

€ >0
3) has no more than a finite number of points of strict extremum.
Dirichlet’s theorem asserts that a function f(x), which in the interval
(—m, m) satisfies the Dirichlet conditions at any point x of this interval at
which f(x) is continuous, may be expanded in a trigonometric Fourier sertes:

f(x)=%’--|—a, cos x - b, sin x+-a, cos 2x4-b, sin 2x 4 ... 4 a, cos nx +
+b,sinnx+4-..., (1)

where the Fourier coeffictents a, and b, are calculated from the formulas
n n
1
ay = — Sf(x) cosnxdx(n=0, 1, 2, ...); b,,:-—?lt- Sf(x)sinnxdx (n=1,2,...).
-1 -7

If xis a point of discontinuity, belonging to the interval (—m, @), of a
function f (x), then the sum of the Fourier series S (x) is equal to the arithme-
tical mean of the left and right limits of the function:

1
S == [fx—=0)+f(x+0)].
At the end-points of the interval x=—mn and x=m,
S(= =S (W= [ (= 7+0)+] (x—0)].

2°. Incomplete Fourier series. If a function f(x) is even [i. e., f(—x) =
= f (x)], then in formula (1)

and

a,,=-J2T | (x)cosnxdx (n=0, 1, 2, ...).

Sy
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If a function f(x) is odd [i.e., f(—x)=—F(x)], then a,=0(n=0,1, 2...)
and

113
bn=%5f(x) sinnxdx (n=1, 2, ...).
[}

A function specified in an interval (0, m) may, at our discretion, be conti-
nued in the interval (—m, 0) either as an even or an odd function; hence,
it may be expanded in the interval (0, @) 1n an incomplete Fourier series
of sines or of cosines of multiple arcs.

3°. Fourier series of a period 2/. If a function f(x) satisfies the Dirichlet
conditions in some interval (— [, [) of length 2/, then at the discontinuities
of the function belonging to this interval the following expansion holds:

f(x)z—.f;i-}-a, cos:rll'fﬂ—bx sin %E +a,cos-2—:tl£+b,sin2#+,”

...+a,,cos-nl—m-+b,,sinn—nlf+... ’
where .
a,,=-}— Sf(x)cosn—?fdx (n=0, 1, 2, ...),
-1
1 2)
bn=% Si(x) Sin-n—ln—xdx (n=1, 2, ...).
-1

At the points of discontinuity of the function f(x) and at the end-points
x=+1 of the interval, the sum of the Fourier series is defined in a manner
similar to that which we have in the expansion in the interval (—m, m).

In the case of an expansion of the function f(x) in a Fourier series in
an arbitrary interval (a, a+2/) of length 2/, the limits of integration in
formulas (2) should be replaced respectively by a and a--2/

Expand the following functions in a Fourier series in the
interval (—x, n), determine the sum of the series at the points
of discontinuity and at the end-points of the interval (x=—g=,
x==m), consiruct the graph of the function itself and of the sum
of the corresponding series [outside the interval (—m, m) as well]:

¢, when —n<<x<O0,

2671. f(x):{ ¢, when 0<x<<m.

Consider the special case when ¢,=--1, ¢,=1.

ax when --n<<x<<0,
2672. f(x)={ bx when 0 << x <<m.

Consider the special cases: a) a=b=1; b) a=—1, b=1;
¢)a=0, b=1; d) a=1, b=0.

2673. [(x)=x. 2676. [(x)=cosax.

2674. [(x)=e"*. 2677. [(x)=sinhax.

2675. [(x)=sinax. 2678. f(x)=coshax.

2679. Expand the function f(x)="%x in a Fourier series in
the interval (0, 2m).
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A

2680. Expand the function f(x)=-2— in sines of multiple arcs

in the interval (0, m). Use the expansion obtained to sum the
number series:

1,1 1 ) )
a)l—g+z—=+... 5 Dltg—a—pgtatp— -
1 1 1 1

Ql—z+z—q+E—---

Take the functions indicated below and expand them, in the
interval (0, =), into incomplete Fourier series: a) of sines of
multiple arcs, b) of cosines of multiple arcs. Sketch graphs of
the functions and graphs of the sums of the corresponding series
in their domains of definition.

2681. f(x)=x. Find the sum of the following series by means
of the expansion obtained:

R R

2682. f(x)=x*. Find the sums of the following number series
by means of the expansion obtained:

D l4gtgte. 2 l—gtgm—gt...

2683. f(x) = €.
‘ 1 when 0<x<Z,
2684. f (1) =

l 0 when %<x<n.

J x when 0<x<Z,
2685. f(x) = .
l n—x when T <zl

Expand the following functions, in the interval (0, =), in
sines of multiple arcs:

x when 0<x<1,
2686. [ (x) = .

0 when 7 <xr<m
2687. f(x)=x(n—x).

2688. [ (x) = sin .

Expand the following functions, in the interval (0, n), in co-
sines of multiple arcs:
1 when 0<x<h,
2689. i(x)—{ 0 when A< x<<m.
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X
2690. f(x)_—_{ | —o when 0<x<2h,

0 when 2h<x<<m.

2691. f(x)=xsinx.
cos x when 0<x<g—,
cfx)=

—cos x when —fz‘—<x<n.

2692

2693. Using the expansions of the functions x and x* in the
interval (0, m) in cosines of multiple arcs (see Problems 2681 and
2682), prove the equality

®
Zcos nx _ 3x*—6nrc4 2
nt 12

0 < x<<nm).
n=i

2694**. Prove that if the function f(x) is even and we have
f(g—+x)=—f<~;——-x), then 1ts Fourier series in the interval
(—mn, n) represents an expansion in cosines of odd multiple arcs,
and if the function f(x) is odd and i(%-{- x)=f %—x), then
in the interval (—m=, n) it is expanded in sines of odd mul-
tiple arcs.

Expand the following functions in Fourier series in the indi-
cated intervals:

2695. f(x)=|x| (—1<<x<<l).

2696, f(x)=2x (0<<x<1).

2697, f(x)=¢" (—I<x<]I).

2698. f(x)=10—x (5<<x<15).

Expand the Iollowing [unctions, in the indicated intervals,
in incomplete Fourier series: a) in sines of multiple arcs, and
b) in cosines of multiple arcs: '

2699. f(x)=1 (O<<x<]).

2700. f(x)=x (O<x<l).

2701. f(x)=x* (0< x < 2n).

x when 0<<x<1,
2702. f(x)-—-{ 2—x when 1 <<x< 2.
2703. Expand the following function in cosines of multiple

arcs 1n the interval (%, 3):

f(x)=‘ 1 when%<x<2,
\ 3—x when 2 << x<<3.

11900



Chapter IX
DIFFERENTIAL EQUATIONS

Sec. 1. Verifying Solutions. Forming Differential Equations of Families of
Curves. Initial Conditions

1°. Basic concepts. An equation of the type
Fx, y, 4. ..., Pp!™=0, 1))

where y=y (x) is the sought-for functian, is called a differential equation of
order n. The function y=¢ (x), which converts equation (1) into an identity,
is called the solution of the equation, while tho graph of this function s
called an integral curve. 1f the solution is represented implicitly, @ (x, y)=0,
then it is usually called an integral

Example 1. Check that the function y=sinx is a solution of the equation

Y +y=0.
Solution. We have:
y' =cosx, Y =—sinx
and, consequently,
y' +y=—sinx4sinx=0.

D(x, 9, Cyy ..., C))=0 @

of the differential equation (1), which contains n independent arbitrary con-
stants C,, ..., C, and is equivalent (in the given region) to equation (1), 1s
called the general integral of this equation (in the respective region). By assign-
ing definite values to the constants C,, ..., C, in (2), we get particular
integrals.
Conversely, if we have a family of curves (2) and eliminate the param-
eters C,, ..., C, from the system of equations
dd d"®
O =0, =0, ..., PP =0,

dx
we, generally speaking, get a differential equation of type (1) whose general
integral in the corresponding region is the relation (2).
Example 2. Find the differential equation of the family of parabolas

The 1ntegral

y=C,(x—C,)" )
Solution. Differentiating equation (3) twice, we get:
y'=2C,(x—C,) and y'=2C,. (4)

Eliminating the parameters C, and C, from equations (3) and (4), we obtain
the desired differential equation

294" =y
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It 1s easy to verify that th: Tunction (3) converts this equation into an
identity.

2°, Initial conditions. If for the desired particular solution y =y (x) of a
differential equation

YW =fx y ¥y ol gt )
the inttial conditions
Yo =lor ¥ () =Yg «ous YTV (x) =4{" "V
are given and we know the general solution of equation (5)
y=e¢(x, C,, ..., Cp,),

then the arbitrary constants C,, ..., C, are determined (if this is possible)
from the system of equations

Yo=9(x0, Gy, ..., Cp),

yozq);(xm Ci ..., Cp),

W= GBI G Cor e €

Example 3. Find the curve of the family
y="Cie"+ Cpe™, (6)

for which y(0)=1, y’' (0)=—2.
Solution. We have:
y'=C,e*—2Ce-*
Putting x=0 in formulas (6) and (7), we obtain (7)
1=C,+C,, —2-C,—2C,,
whence
C,=0, C,=
and, hence,
y=e-*.

Determine whether the indicated functions are solutions of the
given diflerential equations:
2704. xy =2y, y=>5x>.

2705. y*=x+y*, y= %

C’—x’

2706. (x y)dx +xdy=0, y=
2707. y"+y=0, y=3sinx— 4LObX
2708. dt,-}—m x=0, x=C, cos ot +C, sin of.
2709. y"—2y' +y=0; a) y=uxe*, b) y=xe~.
2710, y"— (A, + X))y + A Ay=0,

y=_C, ehur C et

Show that for the given differential equations the indicated
relations are integrals:

2711, (x—2y)y' =2x—y, x*—xy t y* == C*.

11*
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2712, (x—y+1)y’'=1, y=x+Ce.

2713, (xy—x)y"+xy'* +yy'—2y'=0, y=In(xy).

Form differential equations of the given families of curves
(C, C,, C,, C, are arbitrary constants):

2714. y=Cx. 2721. In==1+ay
2715. y:cx’. ‘ !./ t
2716, y*=2Cx : (a is a parameter).
' ' 2722. (y—y,)* = 2px
2717, X¥*+y*=C* 0
2718. = Ce* ' (y,» p are parameters).
2719' i’;C(x’—- :) 2723. y= Cle“‘_*_cze-x.
. v " 2724. y=C, cos 2x+C, sin 2x.
2720. y'—}——)lc—==2+Ce—T, 2725. y=(C,+ C.x)e*+C,.

2726. Form the! differential equation of all straight lines in the
xy-plane. ﬁ )

2727. Form the differential equalion of all parabolas with
vertical axis in the xy-plane.

2728. Form the diflerential equation of all circles in the
xy-plane.

For the given families of curves find the lines that satisfy
the given initial conditions:

2729. x*—y*=C, y(0)=5.

2730. y=(C,4-C,x)e**, y(0)=0, y'(0)=

2731. y=C,sin(x—C,), y(m)=1, y (n)=

2732, y=C.e *+4C,e"+C'%,

y(0)=0, y'0)=1, y"(0)=—2.

Sec. 2. First-Order biﬁerential Equations

1°. Types of first-order differential equations. A differential equation of

the first order in an unknown function y, solved for the derivative y’, is of
the form

y'=F[ y) (1

where f(x, y) is the given function. In certain cases it is convenient to
?onsider the variable x as the sought-for function, and to write (1) in the
orm

=g(x Y, (1"
where g (x, y)-—:—l-.
f(x, 9)
Taking into account that y’=Z—f’c and x'=%’f. the differential equations
(1) and (1’) may be written in the symmetric form
P (x, Y)dx+Q (x, y) dy=0, (2)

where P (x, y) and Q (r, y) are knowr functions.
By solutions to (2) we mean functions of the form y=¢(x) or x=1 (y)
that satisfy this equation, The general integral of equations (1) and (1’), or
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equation (2), is of the form
D (x, y, C)=0,

where C is an arbitrary constant.
2°. Direction fleld. The set of directions

tana="{(x, y)

is called a direction fleld of the differential equation (1) and is ordinarily
depicted by means of short lines or arrows inclined at an angle a.

Curves f(x, y)==~k, at the points of which the inclination of the field
has a constant value, equal to k, are called isoclines. By constructing the
isoclines and direction field, it is possible, in the simplest cases, to give a

Y

Fig 105

rough sketch of the field of int:gral curves, regarding the latter as curves
which at each peint have the given direction of the field.

Example 1. Using the method of isoclines, construct the field of integral
curves of the equation

Yy =x

Solution. By constructing the isoclines x-=%& (straight lines) and the di-
rection field, we obtain approximately the field of integral curves (Fig. 105).
The family of parabolas .

X
is the general solution.

Using the method of isoclines, make approximate constructions of fields
of integral curves for the indicated differential equations:

2733. y' = —x.
2734, y' = — 3 .
2735. y' =14y
2736. o' =j—j—!y’.

2737, y'=x"+y'.
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8°. Cauchy’s theorem. If a function f(x, y) is continuous in some region
l{{a<x<A, b<y<B} and in this region has a bounded derivative
[y (x, y), then through each point (x,, y,) that belongs to U there passes one

and only one integral curve y=o (x) of the equation (1) [ (xo) =y,)-

4°, Euler’s broken-line method. For an approximate construction of the
integral curve of equation (1) passing through a given point M, (x,, y,), we
replace the curve by a broken line with vertices M; (x;, y;), where

X=X+ Ax; Yi+ =y + Ay,

Ax;=h (one step of the process),

Ay,-=hf(x,-, yl) (l=0, 1, 2, ...).
Example 2. Using Euler’s method for the equation

’ xy

y - 2 »

find y (1), if y(0)=1 (h=0.1).

We construct the table:
4 X —*iYi

i Yi Al/,‘ 920

0 0 1 0
1 0.1 1 0 005
2 0.2 1.005 0.010
3 0.3 1015 0 015
4 04 1.030 0 021
5 0.5 1.051 0 026
6 0.6 1.077 0 032
7 0.7 1.109 0.039
8 0.8 1.148 0 046
9 0.9 1.194 0.054
10 1.0 1.248

Thus, y(1)=1.248. For the sake of comparison, the exact value is
1

y(l)=e® 1284

Using Euler’s method, find the particular solutions to the
given differential equations for the indicated values of x:

2738. y'=y, y(0)=1; find y(1) (h=0.1).

2739. y'=x+y, y(1)=1, find y(2), (h=0.1).

2740. y'—_-—l—i—x, y(0)=2; find y(1) (h=0.1).
2741. y'=y—-2—:, g(0)=1; find y(1) (h=0.2).
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Sec. 3. First-Order Differential Equations with Variables Separable.
Orthogonal Trajectories

1°. First-order equations with variables separable. An equation with variables
separable is a first-order equation of the type

y'=fx g (1
XY (@de+ X, (Y, (y) dy=0 (1
Dividing both sides of equation (1) by g(y) and multiplying by dx, we get

—%:f(x) dx Whence, by integrating, we get the general integral of equa-
tion (1) in the form

or

£L=S-d c
F= ) e dxt )

Similarly, dividing both sides of equation (1") by X, (x) Y () and integrating,
we get the general integral of (1) in the form

X (v) Y (), ,
wandx+swwmdy‘c @)

If for some value y=y, we have g(y,)=0, then the function y=y, is
also (as is directly evident) a solution of equation (1) Similarly, the straight
lines x =a and y=>b will be the intesral curves of equation (1’), if « and b
are, respectively, the roots of the equations X, (x) =0 and Y (y) =0, by the
left sides of which we had to divide the imtial equation.

Example 1. Solve the equation

"

y=—=. ®
In particular, find the solution that satisfies the initial conditions
y(l)=2
Solution. Equation (3) may be written in the torm
dy__ Y
dx x

Whence, separating variables, we have
dy dx

Y X

and, consequently,
In|y|=—1In]x|+InC,,

where the arbitrary constant InC, is taken in logarithmic form. After taking
antilogarithns we get the general solution
C

where C= + C,. ]
When dividing by y we could lose the solution y=0, but the latter is
contained in the formula (4) for C=0.
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Utilizing the given initial conditions, we get C=2; and, hence, the de-
siced particular solution is

y=--

2° Certain differential equations that reduce to equations with variables
separable. Differential equations of the form

y =flax+by+4c) (b #0)

reduce to equations of the form (1) by means of the substitution u=ax+by+e¢,
where u 1s the new sought-for function

3° Orthogonal trajectories are curves that intersect the lines of the given
family ® (x, y, @ =0 (a 1s a parameter) at a right angle. If F(x, y,4')=0
is the diflerential equation of the family, then

F(x, Y, —%):0

is the differential equation of the orthogonal trajectories.
Example 2. Find the orthosonal trajectories of the family of ellipses

x2 4 2y% = a®. (5)

Solution Differentiating the equation (5), we find the dulerential equa-
tion of the family

x+2yy =0,

Fig. 106

Whence, replacing i’ by —-;1,-, we get the differential equation ef the
orthogonal trajectories

x—2-y,=0 or y’=-2—y.
Yy x

Integrating, we have y=Cx? (fammly of parabolas) (Fig. 106).
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4°. Forming differential equations. When forming differential equations in
geometrical problems, we can frequently make use of the geometrical meaning
of the derivative as the tangent of an angle formed by the tangent line to
the curve in the pos'tive x-direction. In many cases this makes it rossible
straightway to establish a relationship between the ordinate y of the desired
curve, its abscisca x, and the tangent of the angle of the tangent line y¢’,
that is to say, to obtain the diffeiential equation. In other instances (see
Problems 2783, 2890, 2895), use is made of the geometrical significance of
the definite integral as the area of a curvilinear trapezoid or the length of
an arc. In this case, by hypothesis we have a simple integral equation
(since the desired function is under the sign of the integral); however, we
can readily pass to a differential equation by difterentiating both sides.

Example 3. Find a curve passing through the point (3,2) for which the
segment of any tangent line contained between the coordinate axes is divid-
ed in half at the point of tangency.

Solution. Let M (x,y) be the mid-point of the tangent line AB. which by
hypothesis is the point of tangency (the points A and B are points of inter-
section of the tangent line with the y- and x-axes). It is given that OA=2y
and OB =2x. The slope of the tangent to the curve at M (x, y) is

dy 0A Yy

dx~ OB x°
This is the differential equation of the sought-for curve. Transforming, we gel
da  dy _
*Ty=0

and, consequently,
Inx+1Iny =InCor xy=C.

Ultilizing the initial condition, we determine C=3.2=6. Hence, the desircd
curve is the hyperbola ay=6.

Solve the diflerential equations:

2742. tan xsin® ydx--cos® xcot ydy=0.

2743. xy' - y=1y"’.

2744. xyy' =1 —x'.

2745. y—xy’ =a (1l +x*y’).

2746. 3¢ tan ydx -+ (1 —e*)sec’ ydy=0.

2747. y’ tan x=y.

Find the particular solutions of equations that satisly the
indicated initial conditions:

2748. (1 +¢*) y y’ =e*, y=1 when x=0.

2749. (xy* +x)dx+4- (*y—y)dy=0; y=1 when x==0.

2750. y’sin x=ylIny, y==1 when x=%.

Solve the differential equations by changing the variables:
2751. y’ = (x +y)*.

2752. y=(8x--2y + 1)

2753. (2x +3y—1)dx -+ (4x+ 6y—5)dy =0.

2754. (2x—y)dx+ (4c—2y4-3)dy=0.
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In Examples 2755 and 2756, pass to polar coordinates:
9755, y' =V XH¥=x

Yy

2756. (x*+y*)dx—xydy=0.

2757*. Find a curve whose segment of the tangent is equal
to the distance of the point of tangency from the origin.

2758. Find the curve whose segment of the normal at any
point of a curve lying between the coordinate axes is divided in
two at this point.

2759. Find a curve whose subtangent is of constant length a.

2760. Find a curve which has a subtangent twice the abscissa
of the point of tangency.

2761*. Find a curve whose abscissa of the centre of gravity
of an area bounded by the coordinate axes, by this curve and
the ordinate of any of its points is equal to 3/4 the abscissa of
this point.

2762. Find the equation of a curve that passes through the
point (3,1), for which the segment of the tangent between the
point of tangency and the x-axis is divided in half at the point
of intersection with the y-axis.

2763. Find the equation of a curve which passes through the
point (2,0), if the segment of the tangent to the curve between
the point of tangency and the y-axis is of constant length 2.

Find the orthogonal trajectories of the given families of cur-
ves (a is a parameter), construct the families and their orthogo-
nal trajectories.

2764. x*+y' =a'. 2766. xy —=a.

2765. y* =oax. 2767. (x—a)* ry* =a’.

Sec. 4. First-Order Homogeneous Differential Equations

1°. Homogeneous equations. A differential equation ,
P (x, y)dx+Q (x, y) dy=0 1

is called homogeneous, if P (x,y) and Q (x, y) are homogeneous functions of
the same degree. Equation (1) may be reduced to the form

y’=f(%);

and by means of thesubstitution y=-xu, where u is a new unknown function,

it is transformed to an equation with variables separable. We can also apply
the substitution x = yu.

Example 1. Find the general solution to the equation
y

I__; _y_
y =e +x'
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Solution. Put y=ux; then u+4xu’=e*+u or

e'"du=d—x.
X
. C
Integrating, we get u=—1In InT, whence
=—xIn ln—C—.
X

2°. Equations that reduce to homogeneous equations.

If
' ayx+by4c
y_f(a=x+bzy+c:) @

and 6=|Z‘:‘ l # 0, then, putting into equation (2) x=u+4a, y=v-+p, where
the constants o and B are found from the following system of equations,

aa+bp+c,=0, a,a+bp+c,=0,

we get a homogeneous differential equation in the variables u and v. If
8=0, then, putting in (2) a,x4-b,y=u, we get an equation with variables
separable,

Integrate the differential equations:
2768. y' = L 1. 2770. (x—y)ydx—x'dy=0.
X

2769. y' = — Y.

X

2771. For the equation (x* +y*) dx—2xydy=0 find the family
of integral curves, and also indicate the curves that pass through
the points (4,0) and (1,1), respectively.

2772. ydx+ 2V xy—x)dy=0.

2773. xdy—ydx= Vxr ydx.

2774. (4x* + 3xy + y*)dx + (4y* +3xy+ x*)dy=0.

2775. Find the particular solution of the equation (x* —3y*)dx+
+ 2xydy =0, provided that y=1 when x=2.

Solve the equations:

2776. (2x—y + 4)dy+ (x—2y + 5)dx=0.

, 1—3x—3y r_ X+2y+41

27717. y = TIrty 2778. y =5y i3

2779. Find the equation of a curve that passes through the
point (1,0) and has the property that the segment cut offi by the
tangent line on the y-axis is equal to the radius vector of the
point of tangency.

2780**, What shape should the reflector of a search light
have so that the rays from a point source of light are rellected
as a parallel beam?
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2781. Find the equation of a curve whose subtangent is equal
to the arithmetic mean of the coordinates of the point of tan-
gency.

2782. Find the equation of a curve for which the segment
cut off on the y-axis by the normal at any point of the curve
is equal to the distance of this point from the origin.

2783*. Find the equation of a curve for which the area con-
tained between the x-axis, the curve and two ordinates, one of
which is a constant and the other a variable, is equal to the
ratio of the cube of the variable ordinate to the appropriate
abscissa.

2784. Find a curve for which the segment on the y-axis cut
off by any tangent line is equal to the abscissa of the point of
tangency.

Sec. 5. First-Order Linear Differential Equations.
Bernoulli’s Equation

1°. Linear equations. A differential equation of the farm
Y +P(x)y=Q(x) 8]

of degree one in y and y’ is called linear.
If a function Q (x) =0, then equation (1) takes the form

Yy +Px)-y=0 (2)

and is called a homogeneous linear differential equation. In this case, the
;lariables may be separated, and we get the general solution of (2) in the
orm

—f P(x) dx

y=C-e 3

To solve the inhomogeneous linear equation (1), we apply a method that
is called variation of parameters, which consists in first finding the general
solution of the respective homogeneous linear equation, that is, relation-
ship (3). Then, assuming here that C is afunction of x, we seek the solution
of the inhomogeneous equation (1) in the form of (3). To do this, we put into
(1) y and y* which are (}ound from (3), and then from the differential equa-
tion thus obtained we determine the function C(x). We thus get the general
solution of the inhomogeneous equation (1) in the form

y=cie I 7O,

Example 1. Solve the equation
y’ =tanx.y-cosx. 4)
Solution. The corresponding homogeneous equation is

y' —tanx.y=:0,
Solving 1t we get:
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Considering C as a function of x, and differentiating, we find;

1 dc sifn x
cosx “dx Tcostx

y=

Putting y and y’ into (4). we get:
1 dC | sinx
cosx dx +

dc 2
o x C=tanx. o ® +cosx, or d—x=c°S X,

whence
C(x):Scos’xdx:é—x—{--}l-sin 2x+C,.
Hence, the general solution of equation (4) has the form

| 1 . 1
y=(§-x+—‘r sin 2¢x+4C, ) .

cosx

In solving the linear equation (1) we can also make use of the substitu-
tion

y=uv, ©)]
where u and v are functions of x. Then equation (1) will have the form
[ +P (x)u]jv-t+o'u—=Q(x). (6)
If we require that
w4 P(x)u=0, )

then from (7) we find u, and from (6) we find v; hence, from (5) we find y.
2. Bernoulli’s equation. A first-order equation of the form

Y+Py=Q W)y,

where a # 0 and a # 1, is called Bernoulli’s equation 1t is reduced to a li-
near equation by means of the substitution z=g¢'"?* 1t is also jossible to
apply directly the substitution y=wuv, or the method of varia-
tion of parameters.

Example 2. Solve the equation

’ 4 -
y=—y+xVy.

Solution. This is Bernoulli’s equation. Putting

y—_- U'U,
we cet

u’v+v’u=%uv +xVuv or v(u’——i—u)+u'u=x V uv. (8)

To determine the function 4 we require that the relation

u’—i u=0
X

be fulfilled, whence we have
u==x4
Putting this expression into (8), we get

vxt=x Vux“.
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whence we find v:
2
v= (%— Inx4¢ ) Y
and, consequently, the general solution is obtained in the form
y= x‘(—lnx-{-C) .

Find the general integrals of the equations:

2786. "—¥+—=x'

2787*. (14 y*)dx= (V14 ¢ siny—xy) dy.
2788. y'dx— (2xy +3)dy =0.
Fmd the particular solutions that satisfy the indicated con-
ditions:
2789. xy' +y—e*=0; y=> when x=a.
2790. y'—-f—_ﬁx—,—l x—O' y=0 when x=0.

2791. y'—ytanx= ; y=0 when x=0.

COS x
Find the general solutions of the equations:

dy , ¥ _
2792. Z4 L =— sy,
2793. 2xy3—z—y'+x=0.

27904, ydx-{—(x——;—x’y)dyzo.

2795. 3xdy =1y (1 + x sin x—3y* sin x) dx.

2796. Given three particular solutions y, y,, y, of a linear
equation. Prove that the expressmn 27Y remains unchanged for

any x. What is the geometrical sngmflcance of this result?

2797. Find the curves for which the area of a triangle formed
by the x-axis, a tangent line and the radius vector of the point
of tangency is constant.

2798. Find the equation of a curve, a segment of which, cut
offi on the x-axis by a tangent line, is equal to the square of the
ordinate of the point of tangency.

2799. Find the equation of a curve, a segment of which, cut
off on the y-axis by a tangent line, is equal to the subnormal.

2800. Find the equation of a curve, a segment of which, cut

off on the y-axis by a tangent line, is proportional to the square
of the ordinate of the point of tangency
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2801. Find the equation of the curve for which the segment
of the tangent is equal to the distance of the point of intersec-
tion of this tangent with the x-axis from the point M (0,a).

Sec. 6. Exact Differential Equations.
Integrating Factor

1°. Exact differential equations. If for the differential equation
P(x, y) dx+Q (x, y)dy=0 M
the equalityg—!};—:%—g is fulfilled, then equation (1) may be written in the

form dU (x, y)=0 and is then called an exact differential equation. The gen-
eral integral of equation (1) is U (x, y)=C. The function U (x, y)is deter-
mined by the technique given in Ch. VI, Sec. 8, or from the formula

x Y
U=SP(x,y)dx-l- Q (xy, y) dy

Xa Yo

(see Ch, VII, Sec. 9).
Example 1. Find the general integral of the differential equation
(3x% 4 6xy?) dx + (6x%y + 4y*) dy =0.

2 2
Solution. This is an exact differential equation, since a—(3":—-{-65“[/—)=

oy
2, ] 3
= ﬂﬁ—“‘é—#: 12xy and, hence, the equation is of the form dU =0,
Here,
aU — 2 2 OU —_ 2 3.
J—Sx + 6xy? and W—Gx y -+ 4y*;
whence

U={ @ +6xh dr+9 @) =#+3xy" + 9 ).

Differentiating U with respect to y, we find %=Gx’y+(p' (y) =6x*y + 4y* (by
hypothesis); from this we get ¢’ (y) =4y* and (p(y):y‘-{-C . We finally get
U (v, y) =x*+3x*y*+ y* + C,. consequently, x*+ 3x y’+y‘=(f is the sought-tor
general integral of the equation.

2°. Integrating factor. If the left side of equation (1)is not a total (exact)
differential and the conditions of the Cauchy theorem are fulfilled, then there
exists a function p=p (x, y) (integrating factor) such that

i (P dx+ Q dy)=4dU. 2
Whence it is found that the function p satisfies the equation

0 d
- P =5, Q).

The integrating factor p is readily found in two cases:

1 (0P 0

1) (_2.(_ay———ag)=1-‘(x), then p=p (x);
1 (0P 4

2) 5 (5!7 —b_xg) =F, (), then p=p(y).
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; 3
Example 2. Solve the equation (2xy +x%y +% ) dx+ (2 + y*) dy =0.

Solution. Here P =2xy + x% .f_i’. , Q=x*+y?

OP 0Q\_2x4x*4y*—2¢
s g (5= ) =T =t “°"°e"‘ ke
.o 0(pP) _duQ) oP 9Q
Since o = ox o By =k +Q

it follows that

dp_ 1 (0P dQ
e Q(()y ax)dx dx and Inp=x, p=e*.

Multiplying the equation by p=e*, we obtain
y3
e* (2xy+x’y—|——3- ) dx-4-e* (x*+4y?) dy =0

which is an exact dilferential equation. Integrating it, we get the general
integral

ye* (x’—}—yg) =C.

Find the general integrals of the equations:

2802 (x+y)dx+ (x4 2y)dy=0.
2803. (x* +y*+2x)dx +2xydy=0.
2804. (x*—3xy* + 2)dx— (3x’y—y*) dy=0.

2805. xdx—ydy= )c_%r/_:iygc

2806. 2xdx+y — 312 dy =0.
2807. Fmd the partlcular integral of the equation

(_x—l—e-’Jj)d,\:-|—e7;/i (1——3)dy=0,

which satisfies the initial condition y (0)=2.

Solve the equations that admit of an mtegratmg factor of the
form p=p(x) or p=p(y):

2808. (x+ y*)dx—2xydy=0.

2809. y (1 + xy)dx—xdy=0.

2810. %dx-{»(y'——lnx)dy:O.
2811. (xcosy~—ysiny)dy+ (xsiny-} ycosy)dx=0.
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Sec. 7. First-Order Differential Equations not Solved
for the Derivative

1°. First-order differential equations of higher powers. If an equation
F(x, y, y)=0, (1
which for example is of degree two in y’, thea by solving (1) for y' we get
two equations:
y=hxy), y=I(xy. 2)
Thus, generally speaking, through each point M, (x,, y,) of some region

of a plane there pass two mtegral curves. The general integral of equation
(1) then, generally speaking, has the form

O(x, !}: C):E(Dl (-\', !I» C) "Dz (X- !/, C)=0| (3)

where (I, and M@, are the general integrals of equations (2).

Besides, there may be a stngular integral for equation (1). Geometrically,
a singular integral is the envelope of a family of curves (3) and inay be ob-
tained by eliminating C from the system of cquations

®(x, y, C)=0, D (x,y, C)=0 @
or by eliminating p=y’ from {he system of equations
F(x, 4, p)=0, F,(x,y, p)=0. (5)

We note that the curves defined by the equations (4) or (5) are not
alwavs solutions of equation (1); therefore, in each case, a check is necessary.
Example 1. Find the general and singular integrals of the equation

xy’?+ 2xy' —y=0.

Solution. Solving for y’ we have two homogeneous equations:

y=—1+ ]/1+*”x-. y’=—l~]/1+%.

defined in the region

x (x4 y) >0,

the general integrals of which are
2
v_ Y =G
(V)5 (VT

@x+y—C)—2Vx*+xy=0, (2x+y—C)+2 Vi fay=0.
Multiplying, we get the general integral of the given equation
(2x+y—C)l—4 (x*+ xy) =0
(y—C)*=4Cx

or

or
(a family of parabolas).

Differentiating the general integral with respect to C and eliminaling C,
we find the singular integral
y+x=0.

(It may be verifled that y+4x=0 is the solution of this equation.)
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It is also possible to find the singular integral by differentiating
xp*+2xp—y=0 with respect to p and eliminating p.

2°, Solving a differential equation by introducing a parameter. If a first-
order differential equation is of the form

x=¢(y, y'),
then the variables y and x may be determined from the system of equations
_0¢  dpdp
F_a +'a_d_y' ’ x"‘(p(yr p)l

where p=y’ plays the part of a parameter.
Similarly, if y=1v (x, '), then x and y are determined from the system

of equations
_op dpdp
P-—g;'f'a—pa. y=v9(x, p).

Example 2, Find the general and singular integrals of the equation
’ ’ x,
y=y"—' +5.

( Solution. Making the substitution y’=p, we rewrite the equation in the
orm

2
y=p"—sp+.

Differentiating with respect to x and considering p a function of x, we have
d d
p=2F—p—xLtx
dp dp . -
or a(2p—-x)==(2p—x), or ﬁ;—l' Integrating we get p=x-+4C. Substituting
into the original equation, we have the general solution

y=(+CP—x(x+C)+75 or y=7+Cx+C

Differentiating the general solution lwith respect to C and eliminating C, we
2

obtain the singular solution: y=£—

e (It may be verified that y=% is the

solution of the given equation.)
If we equate to zero the factor 2p—x, which was cancelzled out, we get

pag and, putting p into the given equation, we get y=-xz , which is the
same singular solution.

Find the general and singular integrals of the equations:

(In Problems 2812 and 2813 construct the field of integral
curves.)

2812. y'—2y 110,
2813. 4y'*—9x=0.
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2814, yy''—(xy + 1)y’ + x=0.

2815. yy''—2xy’ +y=0.

2816. Find the integral curves of the equation y'* +y*=1
that pass through the point M (0, .

Introducing the parameter y’ = p, solve the equations:

2817, x=siny’ +Iny’. 2820. 4y =x*+y'".
2818, =y, Ly
2819. y=y"* +2Iny’. 2821. e = 2y "

Sec. 8. The Lagrange and Clairaut Equaticns
1°. Lagrange’s equation. An equation of the form
y=x¢ (p)+V (p), (n

where p=y’ is called Lagrange's equation Equation (1) is reduced to a linear
equation in x by differentiation and taking into consideration that dy =pdx:

pdx=¢q (p)dx+ [x¢" (p) + ¥’ (p)] dp. (2
fIf pZ ¢ (p), then from (1) and (2) we get the general solution in parametric
orm:

x=Cf(p)+g(p). y=[CF(p)+g(P] ¢ (p)+¢(p),

where p is a parameter and f(p), g(p) are certain known functions. Besides,
there may be a singular solution that is found in the usual way.

2°, Clairaut’s equation. If n equation (l)p=q(p), then we get Clai-
raut’s equation

y=xp-4-¥(p).
Its general solution 1s of the form y —Cx+ ¢ (C) (a family of straight lines).

There 1s also a particular solution (envelope) that results by eliminating the
parameter p from the system of equations

{ x=— " (p),
y=px+y(p)
Example. Solve the equation

, 1
y~2yx+y—,. 3)

Solution. Putting y"-=p we have !/=2P\+%: differentiating and replac-
ing dy by pdx, we get
pdx=2pdx+2xdp—%’—:

. d 2 1
X
_.=-—-—.x —_—
dp p +p'

Solving this linear equation, we will have

1
x=F(lnp+C).
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Hence, the general integral will be

Jx=£—.(lnp+c).
1
l y——2px+7.

To find the singular integral, we form the system

1 1
=92 —_, 0=2¢x— —
y=2px+ —

in the usual way. Whence

1 2

=5 V=%
and, consequently, _
y=+2 V2x.

Putting y into (32 we are convinced that the function obtained is not
a solution and, therefore, equation (3) does not have a singular integral.

Solve the Lagrange equations:
’ Iz
2822. y=%x(y'+%>. 2824. y=(l+?)x+y :
- % —— .
2823, y=y +VT—y" 2825%. y=—gy'(2x+y)

Find the general and singular integrals of the Clairaut equa-
tions and construct the field of integral curves:

2826. y=xy' +y'.

2827. y=uxy' +y'.

2828. y=xy' +V 1+ ().

2829, y=xy’-]—&.

2830. Firid the curve for which the area of a triangle formed

by a tangent at any point and by the coordinate axes is con-
stant.

2831. Find the curve it the distance of a given point to any
tangent to this curve is constant.

2832. Find the curve for which the segment of any ol its
tangents lying between the coordinate axes has constant length L

Sec. 9. Miscellaneous Exercises on First-Order Differential Equations

2833. Determine the types of diflerential equations and indi-
cate methods for their solution:

a) (x+y)y =xarctan £, e) xy’ -i—y=sin€;
b) x—y)y =y~ ) G—xy) =y"
c) y'=2xy+x'; g) y=xe’’;

d) ¥’ =2xy -+ 4% h) (v —2xy)V y=4+"
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i) y'=(x+y)"
j) xcosy +ysiny' =1,
k) (¢! —xy)y' =y";

Solve the equations:

2834.

2835.

2836.
2837.
2838.

2839.
2840.
2841.

2842,

2843.
2844.
2848.

2849, y
2850.
2851.

2852,

2853.

2854.
2855.
2856. ¢

2857. ¢

2858.
2859. x

2860.

Yy
a) (x—y cos —x->

b) xln—xy—dy—ydxzo.

xdx= (%—y‘ dy.

(2xy* —y)dx +x dy = 0.

xy' -+y=—=xy* Inx.
y=xy +y' lny'.
y=xy -V —ay’.

) (¢ +2xy*)dx -+ .

+ (y* +3x*y") dy =0;

m) (x*—3xy) dx + (x* +3)dy =0;
n) (xy’+ Inx)dx = y'dy.

+x cos-—dy = 0;

Xy 4 1) dx+- (' —1) (y—1) dy=0.
(1 4 4°) (e** dx—e’ dy) — (1 +-y) dy = 0.

ye' = (4’ 2xe”) y'.
J—}-Jcosx—~sxn X COS X.

2845.
2846.

2847.

(1—=xy +xy=a.

’ Y .
xy —-m—x-—O.
Yy (xcosy-rasin2y)=1.

(x/ X'+ y—-1)dx | (xy +2x—3y—6) dy =0.

(1)
xy’ dx = (x*y +2)dy.

y == ——
2dx +

Yy =;+tan7
yy' -+ y° = cos x.
xdy-t ydx==y*dx.
J’ (x-}-siny)=1.
Jd”=—p—}—p'.
xtdx—
Yy Sxyy' -

+2y*=0.

xdx+ydy )
Veate

+xdy~ydx=0-

yl

(' t ') dy=0.

Ly =2

. e¥dx+ (xe’ —2y)dy =0.
cy=2y +VTry™

. y’=%(l +Iny—Inx).
. (2" +yh)dy—

—ye*dx=0.
(_y+2 )’
\x+y—1/ °

cxy(xyt H ) dy—dx =

=0.

ca(xy +2y)==xyy'.
. xdy—ydx=y'dx.
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2869. (x*—1)2dy+ (x*+3xyV x*—1)dx=0.

2870. tanx:-;—)y-c—y=a.

2871. Va' ¥ ¥ dy-+ (x+y—Va* + 1) dx=0.

2872, xyy'* — (> +y*)y +xy=0.

2873. y=xy’+—l,—,.

2874. (3x* +2xy—y*) dx + (x* —2xy—3y*) dy = 0.

2875. 2ypZ—Z=3p’—{-4y’.

Find solutions to the equations for the indicated initial con-
ditions:

2876. y’=y+1; y=0 for x=1.

X
2877. e Vy'=1, y=1 for x=1.
2878. cot xy' + y=2; y=2 for x=0.
2879. &/ (y' +1)=1; y=0 for x=0.

2880. y' +y=-cosx; !/=% for x=0.

2881. y' —2y=—x* y=% for x=0.

2882. y'+y=2x;, y=—1 for x=0.

2883. xy'=y, a) y=1 for x=1; b) y=0 for x=0.

2884. 2xy'=y. a) y=1 for x=1; b) y=0 for x=0.

2885. 2xyy’ +x*—y*=0; a) y=0 for x=0; b)y=1 for x=0;
c) y=0 for x=1.

2886. Find the curve passing through the point (0, 1), for
which the subtangent is equal to the sum of the coordinates of
the point-of tangency.

2887. Find a curve if we know that the sum of the segments
cut off on the coordinate axes by a tangent to it is constant and
equal to 2a.

2888. The sum of the lengths of the normal and subnormal
is equal to unity. Find the equation of the curve if it is known
that the curve passes through the coordinate origin.

2889*. Find a curve whose angle formed by a tangent and the
radius vector of the point of tangency is constant.

2890, Find a curve knowing that the area contained between
the coordinate axes, this curve and the ordinate of any point on
it is equal to the cube of the ordinate.

2891. Find a curve knowing that the area of a sector boun-
ded by the polar axis, by this curve and by the radius vector
of any point of it is proportional to the cube of this radius
vector.

2892. Find a curve, the segment of which, cut ofl by the
tangent on the x-axis, is equal to the length of the tangent.
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2893. Find the curve, of which the segment of the tangent
contained between the coordinate axes is divided into half by
the parabola #* = 2x.

2894, Find the curve whose normal at any point of it is
equal to the distance of this point from the origin.

2895*. The area bounded by a curve, the coordinate axes,
and the ordinate of some point of the curve is equal to the
length of the corresponding arc of the curve. Find the equation
of this curve if it is known that the latter passes through the
point (0, 1).

2896. Find the curve for which the area of a triangle formed
by the x-axis, a tangent, and the radius vector of the point of
tangency is constant and equal to a*.

2897. Find the curve if we know that the mid-point of the
segment cut off on the x-axis by a tangent and a normal to the
curve is a constant point (a, 0).

When forming first-order differential equations, particularly in physical
problems, it is frequently advisable to apply the so-called method of differen-
tials, which consists in the fact that approximate relationships between
infinitesimal increments of the desired quantities (these relationships are
accurate to infinitesimals of higher order) are replaced by the corresponding
relationships between their differentials. This does not affect the result.

Problem. A tank contains 100 litres of an aqueous solution containing
10 kg of salt. Water 1s entering the tank at the rate of 3 litres per minute,
and the mixture is flowing out at 2 litres per minute. The concentration is
maintained umiform by stirring. How much salt will the tank contain at the
end of one hour?

Solution. The concentration ¢ of a substance is the quantity of it in
unit volume. If the concentration is uniform, then the quantity of sub-
stance in volume V is ¢V.

Let the quantity of salt in the tank at the end of ¢ minutes be x kg.
The quantity of solution in the tank at that instant will be 1004 ¢ litres,

. X .
and, consequently, the concentration c—-m kg per litre.

During time dt, 2dt litres of the solution flows out of the tank (the
solution contains 2cdt kg of salt). Therefore, a change of dx in the quantity
of salt in the tank is given by the relationship

2x
100 4 ¢

This is the sought-for differential equation. Separating variables and integrat-
ing, we obtain

—dx=2cdl= dt.

Inx=—2In(1004¢)+InC
_ C
T (10041)2°

The constant C is found from the fact that when ¢=0, 1 =10, that is,

C=100,000. At the expiration of one hour, the tank will contain

100,000 . ]
Xe= — e = 3.9 kilograms of salt.

or
X
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2898*. Prove that for a heavy liquid rotating about a vertical
axis the free surface has the form of a paraboloid of revolution.

2899*. Find the relationship between the air pressure and the
altitude if it is known that the pressure is 1 kgi on 1 em? at
sea level and 0.92 kgf on 1 cm® at an altitude of 500 metres.

2900*. According to Hooke’s law an elastic band of length
! increases in length kIF (k=const) due to a tensile force F.
By how much will the band increase in length due to its weight
W if the band is suspended at one end? (The initial lenglh of
the band is [.)

2901. Solve the same problem for a weight P suspended from
the end of the band.

When solving Problems 2902 and 2903, make use of Newton’s
law, by which the rate of cooling of a body is proportional to the
difference of temperatures of the body and the ambient medium.

2902. Find the relationship between the temperature T and
the time ¢ if a body, heated to T, degrees, is brought into a room
at constant temperature (a degrees).

2903. During what time will a body heated to 100° cool off
to 30° if the temperature of the room is 20° and during the first
20 minutes the body cooled to 60°?

2904. The retarding action of friction on a disk rotating in
a liquid is proportional to the angular velocity of rotation. Find
the relationship between the angular velocity and time if it is
known that the disk began rotating at 100 rpm and afler one
minute was rotating at 60 rpm.

2905*. The rate of disinlegration of radium is proportional
to the quantity of radium present. Radium disinlegrates by one
half in 1600 years. Find the percentage of radium that has disinte-
grated after 100 years.

2906*. The rate of outflow of water from an aperiure at
a vertical distance 4 from the free surface is defined by the

formula L
v=c) 2h,

where ¢ 0.6 and g is the acceleration of gravity.

During what period of time will the water filling a hemi-
spherical boiler of diameter 2 metres flow out of it through a cir-
cular opening of radius 0.1 m in the bottom.

2907*. The quantity of light absorbed in passing through
a thin layer of water is proportional to the quantity of incident
light and to the thickness of the layer. If one half of the original
quantity of light is absorbed in passing through a three-metre-
thick layer of water, what part of this quantity will reach a depth
of 30 metres?
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2908*. The air resistance to a body falling with a parachute
is proportional to the square of the rate of fall. Find the limit-
ing velocity of descent.

2909*. The bottom of a tank with a capacity of 300 litres
is covered with a mixture of salt and some insoluble substance.
Assuming that the rate at which the salt dissolves is proportion-
al to the diflerence between the concentration at the given time
and the concentration of a saturated solution (1 kg of salt per 3
litres of water) and that the given quantity of pure water dis-
solves 1)3 kg of salt in 1 minute, find the quantity of salt in solu-
tion at the expiration of one hour.

2910*. The electromotive force e in a circuit with current i,
resistance R and self-induction L is made up of the voltage drop

Ri and the electromotive force of self-induction L%. Determine

the current i at time ¢ if e==E sinwt (E and o are constants)
and i =0 when t=0.

Sec. 10. Higher-Order Differential Equations

1°. The case of direct integration, If
gy =),
then

y:deS Sf(.\) de+Cix""' 4 Cx"~24 ... 4C,.

jp—
n tumes

2°, Cases of reduction of order. 1) If a differential equation does not
contain y exphicitly, for instance,

F(x, v, y)=0,

then, assuming y'=p, we get an equation ot an order one umt lower:

F(x, p, p"y=0.
Example 1. Find the particular solution of the equation
xy' +y +x=0,

that satisfies the conditions
y=0, y'=0 when x=0,
Solution. Putting y’=p, we have ¥y’ =p’, whence
xp'+p+x=0.

Solving the latter equation as a linear equation in the function p,
we get

xz
px=C,—-2—.
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From the fact that y'=p=0 when x=0, we have 0=C,—0, i.e., C,=0.
Hence,

X
P==—3
or
dy _ _x
dx~ 2°
whence, integrating once again, w2 obtain
xﬂ
y=—7 tGC,

Putting y=0 when x=0, we lind C,=0. Hence, the desired particular
solution is

. 1 2
y—-——4-x .

2) If a differential equation does not contain x explicitly, for instance,
Fly, .y =0
then, putting y'=p, y”=pZ—Z. we get an equation of an order one unit

lower:

F (y, p, p Z—Z):O.
Example 2. Find the particular solution of the equation
vy —y't=y"
provided that y=1, y’=0 when x=0.

Solution. Put y’=p, then y":pj—g and our equation becomes
P o s
up gy Pt =1

We have obtained an equation of the Bernoulli type in p (y is considered
the argument). Solving it, we find

p=+y VC +y*
From the fact that y’=p=0 when y=1, we have C,= —1. Hence,

p=xy Vy—Ii
or

dy _ 7
= ty V‘! L.
Integrating, we have

arc cos -ll/- + x=C,.

Putting y=1 and x=0, we obtain C,=0, whence 5=cosx or y=secx.
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Solve the following equations:

2911, y' =1 2020. yy' =4y + 4.

2912. y":-%. 2021. yy" —y' (1 + ') =0.

2013, y"=1—y"". 2922, :”=—§.

2914. xy" 4 y' =0. 2923. (x+ )y'—(x+2)y' +x+
+2=0.

2015, yy' =y’ 2924. xy" =y’ ln%.

2016. yy" +y''=0. N "

2017. (1 Fx')y +y +1=0, 2925 ¥ +gy" =x4.

2018. y' (1 +y'*) =ay". 2926. xy'"' +y' =1+x.

2919, x*y" +xy' =1. 2927. v + 4" =1.

Find the particular solutions for the indicaled initial con-
ditions:

2928. (1 +x)y"—2xy’'=0;, y=0, y' =3 for x=0.

2929. 14y =2yy", y=1, ¢y =1 for x=1.

20930. yy'+ 4y =y y=1, y=1 for x=0.

2931. xy'=y'; y=0, y' =0 for x=0.

Find the general integrals of the following equations:

2032. yy' =V '+ ¢y —y'y.

2033. gy’ =y +y' Vi +y

20934, ' —yy' =y'y'.

2935. yy'+ 4y —y Iny=0.

Find solutions that satisfy the indicated conditions:

2936. y'y’'=1, y=1, y'=1 for x=%.
2937. yy' +y'* =1, y=1, y’=1 for x=0.
2938. xy"=|/l ty? y=0for x=1; y=1 for x=e".

2939. y" (1 +lnx)+%-y'=2+lnx;y=%, y=1tor x=1.

2940. y"=%(l+ln i—) y=§l, y' =1 for x=1.

2041, ' —y +y (y—1)=0; y=2, y'=2 for x=0.

2042. 3y'y"=y+y" -+ 1, y=—2, y =0 for x=0.

2043. ' +y'—2yy"=0; y=1, y'=1 for x=0.

2044, yy' + 4y +yy"=0; y=1 for x=0and y=0 for x=—1.
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2945. 2y’ + (' —6x)-y"=0; y=0, y' =2 for x=2.
2946. y'y* +yy' —y =0; y=1, y'=2 for x=0.
2047. 2yy"— 3y =4y* y=1, y’' =0 for x=0.
2048. 2yy" +-y'—y''=0; y=1, y'=1 for x=0.

2949. "=y —y; =——-l—, y':% for x=1.

2950. y”—i-—yl—,eyzy'—2yy'==0; y=1, y'=e for x:=—5

1
2 *

2051. 14y +y*=0; y=0, y'=1 for x=1.
2952. (1+yy) ¢ =(+y")y’s y=1, y'=1 for x=0.
2053, (x+ D)y’ +xy’=y’; y=—2, y' =4 for x=1.
Solve the equations:
2054, y' =xy" 4y,
2855, y' =xy" +y" —y".
2956. y''" =4y".

2957. yy'y” ==y’ + y"*. Choose the integral curve passing through
the point (0, 0) and tangent, at it, to the straight line y+x=0.

2958. Find the curves of constant radius of curvature.

2959. Find a curve whose radius of curvature is proportional
to the cube of the normal.

2960. Find a curve whose radius of curvature is equal to the
normal.

2961. Find a curve whose radius of curvature is double the
normal.

2962. Pind the curves whose projection of the radius of cur-
vature on the y-axis is a constant.

2963. Find the equation of the cable of a suspension bridge
on the assumption that the load is distributed uniformly along
the projection of the cable on a horizontal straight line. The
weight of the cable is neglected.

2964*. Find the position of equilibrium of a flexible nonten-
sile thread, the ends of which are attached at iwo points and
which has a constant load ¢ (including the weight of the thread)
per unit length.

2965*. A heavy body with no initial velocity is sliding along
an inclined plane. Find the law of motion if the angle of incli-
nation is a, and the coefficient of friction is p.

| (Hint. The frictional force is pN, where NV is the force of reaction of the
plane.)

2966*. We may consider that the air resistance in free fall
is proportional to the square of the velocity. Find the law of
motion if the initial velocity is zero..
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2967*. A motor-boat weighing 300 kgf is in rectilinear motion
with initial velocity 66 m/sec. The resistance of the water is pro-
portional to the velocity and is 10 kgf at 1 metre/sec. How long
will it be before the velocity becomes 8 m/sec?

Sec. 11. Linear Differential Equations

1°. Homogeneous equations. The functions y,=@,(x), va=0,(), ...
vevs Y =0, (x) are called lineorly dependent il there are constants C,, C,, .
not all equal to zcro, such that

Ciy+Cyy+... +Coy,=0;

otherwise, these functions are called linearly tndependent.
The general solution of a homogeneous linear differential equation

Y P )YV 4Py (x)y=0 1
with continuous coefficients P;(x) (i=1, 2, ..., n) is of the form
y=Cun+Cyo+ ...+ Cpyp,

where gy, Ys ..., U, are linearly independent solutions of equation (1)
(fundamental system of soluttons).

2°, Inhomogeneous equations. The general solution of an inhomogeneous
linear differential equation

vey Uy

Y+ P YT L+ Py () =] (1) @)
with continuous coefficienls P;(x) and the right side f(x) has the form
y=y,+Y,

where y, is the general solution of the corresponding homogeneous equation (1)
and Y is a particular solution of the given inhomogeneous equation (2).

If the fundamental system of solutions y,, y,, ..., y, of the homogeneous
equation (1) is known, then the gencral solution of the corresponding inho-
mogeneous equation (2) may be found from the formula

y=Ci ()4, +Cs (x) Y+ ... +Cp (x) yp,

where the functions C;(x) (i=1, 2, ..., n) are determined from the follow-
ing system of equations:

C,y+Ciys 4 ...+Cp(x) y,=0,
CiwWy+Ci(y, +...4Cp(1)y,=0,

LIl ( @)

Ci My +C )y .+ Cr Wy TP =0,
C.Wy V4C )y V4. 4 C g =f (v

(the method of variation of parameters).
Example. Solve the equation

xy +y =xh @)
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Solution. Solving the homogeneous equation
X!/"+.l/'=0.
y=C;Inx4C,. (6)
Hence, it may be taken that
y,=Inx andy,=1

we get

and the solution of equation (4) may be sought in the form

¥y=C;(x) Inx+C, (x).
Forming the system (3) a,nd taking into account that the reduced form of
the equation (4) is y”+—i—=x, we obtain

’ l ’
C,x) =+C,(x) 0=1x.

X

{ C,(® Inx+C,(x) 1=0,

Whence
C,(x)=%.+A and C,(x)=—§lnx+-§+3
and, consequently,
y———%'-}— Alnx+ B,

where A and B are arbitrary constants.

2968. Test the following systems of functions for linear rela-
tionships:

a) x, x+1; e) x, x*, x%

b) x*, —2x% f) e*, e**, &%,

c) 0, 1, x; g) sinx, cosx, 1;
d) x, x+1, x+2; h) sin*x, cos®x, 1.

2969. Form a linear homogeneous differential equation, know-
ing its fundamental system of equations:

a) y,=sinx, y,=cosx;

b) ylzexs y,=xex;

Q) Yy=2x, Y=1%",

d) y,=e*, y,=e"sinx, y,=e* cosx.

2970. Knowing the fundamental system of solutions of a linear
homogeneous diflerential equation

Yy,=x, y,=x’, y;=x.v
find its particular solution y that satisfies the initial conditions

y'x=1=07 y’ 'x:n = —1, y”|x=| =2
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2971*. Solve the equation
2,
y+5y+y=0,

knowing its particular solution y,=£2—§.

2972, Solve the equation
L(nx—1y —xy' +y=0,

knowing its particular solution y, =x.

By the method of variation of parameters, solve the following
inhomogeneous linear equations.

2973, x*y" —xy' =3x°.

2974*. Xy +xy —y=x".

2975. y''" +y ==secx.

Sec. 12. Linear Differential Equations of Second Qrder
with Constant Coefficients

1°. Homogeneous equations. A second-order lincar equation with constant
coefficients p and g without the right side 1s of the form

y"+py +qy=0 )
If &, and &, are roots of the characteristic cquation
¢ (k) =k*+pk+g=0, @)

then the gencral solution of cquation (1) is written in one of the following
three ways:

1) y= C,eF* L C.e** if k, and k, are real and k,  k;
2) y-=5% (C,+ Cpx) il ky=ky;
3) y =e** (Cycos Px+CysinPa) if k,=a+pt and k,=a—Pi (P #0).

2°, Inhomogeneous equations. The general solution of a linear inhomoge-
neous differential equation

Y +py +qy=f(x) 3)
may be written in the form of a sum:
Y=y, +Y,

where y, is the general solution of the corresponding equation (I) without
right side and determined from formulas (1) to (3), and Y is a particular
solution of the given equation (3).

The function Y may be found by the method of undetermined coefficients
in the following simple cases:

1. f (x)=e**P, (x), where P, (x) is a polynomial of degree n.

If a is not a root of the characteristic equation (2), that is, ¢ (a) # 0,
then we put Y =e"*¥ Q, (x) where Q, (x) is a polynomial of degree n with
undetermined coefficients.

If a 1s a root of the characleristic equation (2), that is, ¢(a)=0, then
Y =x"e?*Q, (x), where r is the multiplicity of the root a(r=1 or r=2).

2. f(x)=¢€%% [P, (x) cos bx + Q , (x) sin bx].
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If @(a £ bi) #0, then we put
Y =e% [Sp (x) cos bx - Ty (x) sin bx],

where Sy (x) and Ty (x) are polynomials of degree N-max {n, m},
But if ¢ (a £ bt)=0, then

Y =x"e?* [Sy (x) cos bx 4 T (x) sin bx],

where 7 is the multiplicity of the roots a J & (for second-order equations,
r=1).

In the general case, the method of variation of parameters (see Sec. 11)
is used to solve equation (3).

Example 1. Find the general solution of the equation 2y” —y’ —y=4xe?*.

Solution. The characteristic equation 2k*—k—1=0 has roots &,=1 and

ky= The general solution of the corresponding homogeneous equation

-1
7
X

(first type) is :/°=C,e"+Cze-?. The right side of the given equationisf (x) =
=4 xe** =¢"*P, (x). Hence, Y =¢** (Ax+ B), since n=1 and r =0, Dilteren-
tiating Y twice and putting the derivatives into the given equation, we
obtain:

2%* (4Ax+ 4B + 4A) —e?* (2Ax + 2B + A) —e** (Ax 4- B) = 4xe®*,

Cancelling out ¢** and equating the coefficients of identical powers of x and
the absolute terms on the left and right of the equality, we have 54 =4 and

7A 4-58=0, whence Az—g- and B=—£§

25°
Thus, Ye* (%x—?—g), and the general solution of the given equation 1s

1
y=Cee*+Ce * +e* (%x—%).

Example 2. Find the general solution of the equation y”—2y’ 4 y=xe®.

Solution. The characteristic equation #2—2k+1=0 has a double root
k=1 The right side of the equation is of the form f(x)=xe*, here, a=1
and n= 1, The particular solution is ¥ =x%* (Ax -+ B), since a coincides wdth
the double root 2=1 and, consequently, r=2.

Difterentiating Y twice, substituting into the equation, and equating the

coefficients, we obfain A-—-—%, B=0. Hence, the general solution of the given

equation will be written in the form

y=(C,+Cpx)e* + %—x’e".

Example 3. Find the general solution of the equation y” -+ y=uxsin x.

Solution. The characteristic equation k*4-1=0 has roots %,=i and
k,= —i. The general solution of the corresponding homogeneous equation
will [see 3, where =0 and =1} be

Yo=C, cos x+C,sin x.
The right side is of the form
[ (x)=e** [P, (x) cos bx+ Q, (%) sin bx],
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where a=0, b=1, P,(x)=0, Q, (x)=x. To this side there corresponds the
particular solution Y,

Y=x[(Ax+ B) cos x+ (Cx -+ D) sin x]

(here, N=1, a=0, b=1, r=1).

Differentiating twice and substituting into the equation, we equate the
coefficients of both sides in cosx, xcosx, sinx, and xsinx. We then get four
equations 24 42D =0, 4C=0, —2B+2C=0, —4A =1, [rozm which we deter-
mine A=—%, B=0, C=0, D= 7':—

The general solution is

. Therefore, Y= —>-cosx+ —:—1 sin x.

|-

x2
4

3°. The principle of superposition of solutions. If the right side of equa-
tion (3) is the sum of several funct:ons

f(X)=f|(X)+fz(X)+---+f,|(X)
and Y;(i=1, 2, 3, ..., n) are the corresponding solutions of the equations
y+ry'+ey=hn (=12, ..., n),
y=Y +Y,+...4+Y,
is the solution of equation (3).

y=C,cosx+Cysinx— cosx-f-% sin x,

then the sum

Find the general solutions of the equations:

2976. y'—5y’ + 6y =0. 2982. y' + 2y’ +y=0.
2977. y'— 9y =0. 2983. y'—4y +2y=0.
2978. i’ —y = 0. 2984, y" + ky=0.
2979. y' +y=0. 2985. y=y"+y'.

2980. y"'—2y" +2y=0. y—y__

2981. y" + 4y + 13y=0. 2988. T =3

Find the particular solutions that satisfy the indicated condi-
tions:

2987, y"—5by +4y=0; y=>5, y' =8 for x=0
2988. y" +3y ' +2y=0; y=1, y=—1 for x=0.
2989. y'+4y=0; y=0, y'=2 for x=0.

2990. 4" +2y'=0; y=1, y=0 for x=0

2991. y”=i—’2; y=a, y =0 for x=0.

2992. y'+3y' =0: y=0 for x=0 and y=0 for x=3.
2993. y' + *y=0; y=0 for x=0 and y=0 for x=1.

2994. Indicate the type of particular solutions for the given
inhomogeneous equations:

a) yh_4y=xielx;

b) y" 4 9y = cos 2x;

12—-1900
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c) y'—4y’ +4y=sin2x 4 &**;
d) y"+ 2y’ +2y=¢e*sinx;

e y'—

5y’ + 6y = (x* -+ 1) e* + xe**;

f) y"—2y’ + by = xe* cos 2x— x*e* sin 2x.
Find the general solutions of the equations:

2995.
2996.

2997.
2998.
2999.

3000.
3001.
3002.
3003.
3004.
3005.
3006.

Yy —4y +4y=x*.

Y —y +y=x'+6.

Y +20 +y=e".

y —8y +7y=14.

Y —y=e.

Y" +y=cos x.

Y +y —2y=28sin2x.
Y +y —6y=xe**.
y'—2y’ 4-y = sin x +sinh x.
Yy +y = sin® x.

Y’ —2y’ + 5y =e”* cos 2x.

Find the solution of the equation "4 4y=sinx that

satisfies the conditions y=1, y'=1 for x=0.
Solve the equations:

3007.

2) p=o.
3008.
3009.
3010.
3011.
3012.

3013.
3014.
3015.
3016.

3017.
3018.

3019.

%?:-!—m’x:A sin pt. Consider the cases: 1) p=+o;

y'—7y +l2y———e"‘
Yy'—2y =x—1.
Y —2y' +y=2e"
y”—2J =e** 15,

y'—2y —8y=e*—8cos 2x.
Y+ y =5x+ 2*.

Yy —y =2x—1—3e*.
Y42y +y=e“4-e" "

Yy —2y’ + 10y = sin 3x +e€*.
Y'—4y + 4y =20+
Y'—3y = x4 cos x.

Find the solution to the equation y’ —2y =e** 4 x*'—1

that satisfies the conditions y=—1- y' =1 for x=0,
Solve the equatjons:

3020.
3021.
3022.
3023.
3024.
3025.

8!

y'—y=2xsinx.

Yy’ —4y=e* sin 2x,

Y +4y=2sin2x—3cos 2x+ 1.
Y —2y' + 2y =4e* sin x.

Y =xe"+y.

y" + 9y = 2x sin x + xe**,
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3026. y'—2y'—3y=x(1+¢€**).

3027. y'—2y' =3x+ 2xe”,

3028. y'—4y' + 4y = xe**.

3029, y" 42y’ ' —3y=2xe~**+ (x4 1)e*.

3030*. y” + y==2x cos xcos2x,

3031. y’—2y=2xe* (cos x—-sin x).

Applying the method of variation of parameters, solve the
following equations: ‘

3032. y' 4+ y=tanx. 3036. y"+y=5%;.

3033. 4’ +y=cot x. 3037. 4" +y= . ‘
3034. y'—2y +y="1. 3038. 2) y"—y=tanhx.
3035. 4" +2y" +y="=. b) " —2y = 4x%e*.

3039. Two identical loads are suspended from the end of a
spring. Find the equation of motion that will be performed by
one of these loads if the other falls.

Solution, Let the increase in the length of the spring under the action
of one load in a state of rest be a and the mass of the load, m. Denote by x

the coordinate of the load reckoned vertically from the position of equilib-
rium in the case of a single load. Then

d®
md—t:=mg—k (x+a),

where, obviously, k=ﬁag and, consequently, 3%:—% x. The general solu-

tion is x=C, cos ]/-5—!+C, sin V %t. The initial conditions yield x=a

and é=0 when £=0; whence C,=a and C,=0; and so

di
x=acos ]/5- L.
a

3040*. The force stretching a spring is proportional to the
increase in its length and is equal to 1 kgf when the length
increases by 1 cm. A load weighing 2 kgf is suspended from the
spring. Find the period of oscillatory motion of the load if it
is pulled downwards slightly and then released.

3041*. A load weighing P=4 kgf is suspended from a spring
and increases the length of the spring by 1 cm. Find the law
of motion of the load if the upper end of the spring performs
a vertical harmonic oscillation y=2sin30¢ cm and if at the
initial instant the load was at rest (resistance of the medium is
neglected). vk '

12*
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3042. A material point of mass m is attracted by each of two
centres with a force proportional to the distance (the constant
of proportionality is k). Find the law of motion of the point
knowing that the distance between the centres is 2b, at the ini-
tial instant the point was located on the line connecting the
centres (at a distance ¢ from its midpoint) and had a velocity
of zero.

3043. A chain of length 6 metres is sliding from a support
without friction. If the motion begins when 1 m of the chain
is hanging from the support, how long will it take for the entire
chain to slide down?

3044*. A long narrow tube is revolving with constant angular
velocity © about a vertical axis perpendicular to it. A ball in-
side the tube is slidinz along it without friction. Find the law
of motion of the ball relative to the tube, considering that

a) at the initial instant the ball was at a distance a from
the axis of rotation; the initial velocity of the ball was zero;

b) at the initial instant the ball was located on the axis of
rotation and had an initial velocity v,.

Sec. 13. Linear Differential Equations of Order Higher than Two with
Constant Coefficients

1°. Homogeneous equations. The fundamental system of solutions y,,
Ys «.-» Y Of @ homogeneous linear equation with constant coefficients

Y +ay "Vt a1y ey =0 M

is constructed on the basis of the character of the roots of the characteristic
equation

k*+ak* '+...+a,_k+a,=0. 2)

Namely, 1) if k& is a real root of the equation (2) of multiplicity m, then to
this root there correspond m linearly independent solutions of equation (1):

=€, yy=xet®, ..., y,=xP"ek%;
2) if a £ Bl Is a pair of complex roots of equation (2) of multiplicity m,

then to the latter there correspond 2m linearly independent solutions of
equation (1):

yy=e"* cos Bx, y,=e€"*sin Px, y,=xe** cos Pfx, y,=xe™* sinPx, ...
coor Yam o1 =X"71€* COS BX, Yy =x""1e"* sin Pux.

2°, Inhomogeneous equations. A particular solution of the inhomogeneous
equation

YW +ay" TV ta, ey =f (%) 3
is sought on the basis of rules 2° and 3° of Sec. 12.
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Find the general solutions of the equations:
3045, y'"’ l3y +12y'=0. 3058. J’V+2y"+y 0.

3046. y ‘—y =0. n Y-t

L Yv—2y = : oy
3049, 5" —3y" + 3y’ —y=0, o 4 e
3050. ¢ 'V+4 =0. -|-—'l'-y'+y=0.

3051, y’V+ 8y" + 16y =0.

3052. 4V 44" =0. 3060. y/v—2y"" +y"=e”.

3053. y"v—2y" +y=0. 3061. y/v —2y""" +y" =x".

; s 3062, v —y=x'—1,
8034, 4V —a'y =0, 5063 g,v Fyf  cosdx

3055- ylv-——ﬁlz/ ”-*_9!/:0. 3064' y,'l +y”=x2 + 1 :}_3xex
3056. y ' 4-a'y’=0. 3065. 4 4y +y +y=xe*.
3057. ¢! +2y™" +4"=0. 3066: y'"' +y =tanxsecx.

3067. Find the particular solution of the equation
Y22 Fy=x
that satisfies the initial conditions g (0)=y’ (0)=y" (0)==

Sec. 14. Euler’s Equations

A linear equation of the form
(ax+0)"y"™ 4- A, (ax--b)* "y =04 LA, _(ax+by+Ay=F(x), (1)

where a, b, A,, ..., A4,_,, A, are constants, 1s called Euler’s equation.
Let us introduce a new independent variable ¢, putting
ax+b =et.
Then

~¢ dy d’y dy
’ t 2 ~2t -
y=a " gp Y =de < dr® dt)'
- d’y d y dy
vee s st
y'''=a% <——dl’ i }-2dt>and so ferth

and Euler’s equation is transformed into a linear equation with constant

coeflicients.
Fxample 1. Solve the equation x’y" +xy' +y=1.
Solution. Putling x==¢!, we get

dy _p—1dy & _ (&Y d'/)
dx FTA TE R

Consequently, the given equatio1 takes on the form
d%y _
Et—i +!/ - lr

whence
y=C,cost4+C,sint 41

y=C, cos (In x)+ Cysin (Inx) + 1.

or
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For the homogeneous Euler equation

Py 4 A=ty =4+ A,y + Ay =0 @

the solution may be sought in the form
. y=x". @)
Putting into (2) v, ¥', ..., y'™ found from (3), we get a characteristic equa-

tion from which we can find the exponent &.
If & is a real root of the characteristic equation of multiplicity m, then to it
correspond m linearly independent solutions

Yo=x% yy=xknx, yy=2F(Inx)?, ..., yp=2F(Inx)""2,

If o £ Bi is a pair of complex roots of multiplicity m, then to it there
correspond 2m linearly independent solutions

y,=x%cos (B In x), y,=x"sin (f Inx), y,=x*Inxcos (B Inx),
ys=x*lnx.sin(Blnx), ..., Ypm_1=x*(Inx)”~*cos (f In x),
Yom=x" (In x)™~ 1 sin (B 1n x).

Example 2. Solve the equation

x¥y" —3xy’ + 4y =0.
Solution. We put
y=xk y =kt Yy =k(k—1)x""2,

Substituting into the given equation, after cancelling out x*, we get the
characteristic equation

k*—4k+4=0.
Solving it we find

Hence, the general solution will be
y=Cx*4+Cyx®1n x,

Solve the equations:
2 d% dy ,
3068. x a}—,—}-Bxa}—l-y—O.
3069. x*y"—xy —3y=0.
3070. x*y" - xy’ +4y=0.
3071. x*y’""' —3x*y" +6xy' —6y=0.
3072. Bx+2)y"+ Ty =0.
3073. y'=%

=%
v Y Y

3075. x'y"—4xy’ +6y=x.

3076. (14+x)'y"—3(1 +x)y' +4y=(14x)".
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3077. Find the particular solution of the equation
Y —xy +y=2x
that satisfies the initial conditions y=0, y' =1 when x=1.

Sec. 15. Systems of Differential Equations

Method of elimination. To find the solution, for instance, of a normal
system of two first-order differential equations, that is, of a system of the
form

dy

d_x'zf(xv Y, Z), Z—;‘:g(xv Y, z)l (1)

solved for the derivatives of the desired functions, we differentiate one of
them with respect to x. We have, for example,

dy_of of , of
e ox @f-l-gz'g 2)

Determining z from the first equation of the system (1) and substituting the
value found, p
= ey

z"’q)(xv yv dx) (3)

into equation (2), we get a second-order equation with one unknown func-
tion y. Solving it, we find

y=vy(x, CI- C:)' (4)
where C, and C, are arbitrary constants. Substituting function (4) into for-
mula (3), we determine the function z without new integrations. The set of
formulas (3) and (4), where y is replaced by v, yields the general solution
of the system (l).

Example. Solve the system

dy _
a+2y+4z—l+4x.
dz _3 s
a}-+y—z—- ) x*,
Solution. We differentiate the first equation with respect to x:

d%y

dy , ,dz__
a—,+2&+4 =t

From the first equation we determine z=7:- ( l+4x—%’c—-2y) and then

. dz_ 3 , I 3 1 dy .
from the second we will have i + x4 T3 Tac Putting 2
and g; into the equation obtained after differentiation, we arrive at a secords
order equation in one unknown y:

Py 4y 6 fxr—
dx’+dx 6y =— 6x*—4x 43,
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Solving it we find:

y=Ce**+Coe™ ¥ + x4 x,

and then
dy

1
Z_T( 1+4x-—d—i—2y

—C,e”"+%e""—% X2,

We can do likewise in the case of a system with a larger number of

equations.

Solve the systems:

a_,
3078. { “
2

&Y

dy

7, =Y 152,
3079. § .

P el 32=0.

dy
— =—3y —z2,
3080. { dx

dz
L=U—2
dx
a=Y
dy
3081. =2
dz _
‘a—t—x.
d
(& _y+e,
3082. | ¥ —x 1o,
d
S=x+y.
d
F=y+z,
3083. { 4
L=Xty+z

%+2y+z= sin x,
3084 dz

a;—-4y—2z = COS X.

% + 3y -4z =2x,
3085.

y=0, 2=0 when x=0.

‘%—-4x—y+361 -0,
3086. d
3% +2x--y +2¢'=0,

x=0, y=1 when {=0.

y—z z—x x—y
isolate the integral curve pas-
sing through the point (1, 1, —2).

%+2=L
3089. { .

a—i—?y:lnx.

%;y,,+2y+4z=e",

d%
a;—~y—32 =—24x,

3090.
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3091**, A shell leaves a gun with initial velocity v, at an
angle a to the horizon. Find the equation of metion if we take
the air resistance as proportional to the velocity.

3092*. A material point is attracted by a centre O with a
force proportional to the distance. The motion begins from point A
at a distance a from the centre with initial velocity v, perpen-
dicular to OA. Find the trajectory.

Sec. 16. Integration of Differential Equations by Means of Power Series

If it is not possible to integrate a differential equation with the help of
elementary functions, then in some cases its solution may be sought in the
form of a power series:

®

y= 2 cn (x—xo)". m

n=o

The undetermined coefficients ¢, (n=1, 2, ...) are found by putting the
series (1) into the equation and equating the coefficients of identical powers
of the binomial x—x, on the leit-hand and right-hand sides of the resulting
equation,

We can also seek the solution of the equation

Yy =Fx, ) y(x)=y, 0]
in the form of the Taylor’s series

-]

(n
gy = ST oy, @

n
n=0

where y (x)=Ys Y (%)=1F (%o, Yo) and the subsequent derivatives y'™ (x,)
(n=2, 3, ...) are successively found by differentiating equation (2) and by
putting x, in place of x
Example 1. Find the solution of the equation
y.—xy=01
if y=ys,, y'=y; for x=:0,
Solution. We put
Yy=cCotcx+ ...+ x"+...,
whence, differentiating, we get
Y =2-1c,+ 320354 ... +n(n—1) c,x" "2+ (n+ 1) nc,y 4, x" "1 4
F(n+2)(n+ 1) cpyx” 4.0
Substituting y and y” into the given equation, we arrive at the identity
[2:1c3+ 320+ ... +n(n—1) c,x" "2+ (n+ 1) ne, 4 X"~ 1+
F(r+2)(n+ D)X+ J—x o+ Cx+ . x4 .. ] =0,

Collecting together, on the left of this equation, the terms with identical
powers of x and equating 1o zero ihe coefficients of these powers, we will
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have
¢ c
c=0; 3:2c,—c,=0, c,=3—.°§; 4.3c,—c, =0, c‘=4—.‘3; 5.4c4—c, =0,
(:,=5—(“:’74 and so forth.

Generally,

Cyp = % ¢ — G

%7 9.3.5.6....-(3k—1) 3k’ %13 4.6.7-...-3k (3R + 1)’

Cres=0 (k=123 ...).
Consequently,
x3 x8 xak

y=C°<'+2_-3+2-'3.5.6+"'+2-3-5-6-...-(3k—1)3k+"‘)+

x4 X7 x:kq-l
+a ("+§.“4+3.4-6-7+"‘+ 3.4.6.7....3% (3k+1)+"')' “)

’
where ¢c,=y, and ¢,=y,.

Applying d’Alembert’s test, it is readily seen that series (4) converges
for — o0 <x <+ 0.

Example 2. Find the solution of the equation

"=x4+y yo=y(0)=1.
Solution. We put

” e

’ Y y
Y=ot Y+ £ 5 4.

We have y,=1, y;=0+l=l. Differentiating equation y’=x4y, we succes-
sively find y"=1+y', y,=1+1=2, y""'=y", y,” =2, etc. Consequently,

2 2
y=l+x+2—,x’+§-x’+...

For the example at hand, this solution may be written in final form as
y=14+x4+2(*—1—x) or y=2¢*—1—x.

The procedure is similar for differential equations of higher orders. Test-
ing the resulting series for convergence is, generally speaking, complicated
and is not obligatory when solving the problems of this section.

With the help of power series, find the solutions of the equa-
tions for the indicated initial conditions.

In Examples 3097, 3098, 3099, 3101, test the solutions
obtained for convergence.

3093. y'=y+x*; y=—2 for x=0.
3094. y'=2y+x—1; y=y, for x=1.
3095. y' =y* + x*% =% for x=0.

3096. y’'=x"—y* y=0 for x=0.

3097. 1—x)y’'=1+x—y; y=0 for x=0.
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3098*. xy"4-y=0; y=0, y’ =1 for x=0.
3099. " +xy=0; y=1, y’=0 for x=0.

3100*. y”—l—%y' +y=0;, y=1, y"=0 for x=0.

3101, " +—y +y=0; y=1, y* =0 for x=0.
d*x . . dx

3102. —Jt—,+xcost=0, x=a, &?=0 for t=0.

Sec. 17. Problems on Fourier's Method

To find the solutions of a linear homogeneous partial differential equation
by Fourier’s method, first seek the particular solutions of this special-type
equation, each of which represents the product of functions that are dependent
on one argument only. In the simplest case, there is an infinite set of such
solutions u, (n=1, 2,...), which are linearly independent among themselves
in any finite number and which satisfy the given boundary conditions. The
desired solution u is represented in the form of a series arranged according

to these particular solutions:
[ <]
u= Z Cpty. 8))
n=t

The coefficients C, which remain undetermined are found from the initial
conditions.
Problem. A transversal displacement w=u (x, f) of the points of a string
with abscissa x satisfies, at time ¢, the equation
ou 0%
o = o @

where a? = a’(To is the tensile force and @ is the linear density of the
string). Find the form of the string at time ¢ if its ends x=0 and x=1{ are

7,
0] - Lh T X
> 3
Fig. 107

fixed and af the initial instant, =0, the string had the form of a parabola
u =‘ll,ﬁx (I—2x) (Fig. 107) and its points had zero velocity.

Solution. It is required to find the solution u=u (x, t) of equation (2)
that satisfies the boundary conditions

w(0, )=0, u(l, t)=0 ®3)
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and the initial conditions "
u(x, 0)=f-,—x(z—-x), ) (x, 0)=0. @)

We seek the nonzero solutions of equation (2) of the special form
u=X (x) T ().
Putting this expression into equation (2) and separating the variables, we get
T (1) _ X" (%)
T () X0 ° ®
Since the variables x and t are independent, equation (5) is possible only

when the general quantity of relation (5) is constant Denoting this constant
by — A2, we find two ordinary differential equations:

T (t)+(aM)?-T () =0 and X" (x) 4 A%X (x)=0.
Solving these equations, we get
T (t) = A cos akt 4+ B sin aht,
X (x) =C cos Ax + D sin Ax,
where A, B, C, D are arbitrary constants. Let us determine the constants.

From condition (3) we have X (0)=0 and X (/)=0; hence, C=0 and
sin Al=0 (since D cannot be equal to zero at the same time as C is zero).

For this reason, Ak=ﬁ. where k& is an integer. It will readily be seen that

we do not lose generality by taking for 2 only positive values (k=1, 2, 3,...).
To every value A, there corresponds a particular solution
up= (A,, cos-’fa——;tt+Bk sin f‘;—" t) sing
that satisfies the boundary conditions (3).
We construct the series

®
kant . kant\ | knx
u=’§ (A,, cos —l———i-B,, sin ~l—) sin ——,

‘

whose sum obviously satisfies equation (2) and the boundary conditions (3).
We choose the constants A, and B, so that the sum of fhe series should
satisfy the initial conditions (4). Since

®
ou kan . kamnt kant\ . knx
52 =kz—l _l (_Ak sin —[—+BkCOST) sin ~l— N

it follows that, by putting ¢t =0, we obtain

u(x, 0)=Z A sinﬁsgx(l—x)
k=1

and
@

du (x, 0) kan . knx
-——at—_=k2 T Bk sin ’—l— EO.

=1
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Hence, to determine the coeificients A, and B, it is necessary to expand in

a Fourier series, in sines only, the function u(x, 0)_Th x (l—x) and the

function Ju gx ) =0.
From familiar formulas (Ch VI1I, Sec. 4,3°) we have
2 (4h knx 32h
Ak=TS 0 T X (l—x)sin— dx::?l? ,

if 2 is odd, and A,=0 if & is even;

kan =2 SOsinEfdx =0, B,=0.

The sought-for solution will be

© cOS (2n -+ 1) ant
h— 32h 32k $ / sin 2n+ 1) ntx
T 2 @2n4-1)3 ] ‘
n=o0

3103*. At the initial instant ¢t=0, a string, attached at
its ends, x=0 and x=/{, had the form of the sine curve

u=A sin f—lx, and the points of it had zero velocity. Find the
form of the siring at time ¢.
3104*. At the initial time ¢=0, the points of a straight

string 0 <x<</ receive a velocity 5 ?— = 1. Find the form of the

striny at time ¢ il the ends of the string x=0 and x=1 are
fixed (see Problem 3103).

3105*. A siring of lenglh [ =100 cm and attached at its ends,
x=0 and x=1, is pulled out to a distance h=2 cm at point
x=50 cm at the inilial time, and is then released without any
impulse. Deiermine the shape of the string at any time ¢.

3106*. In longitudinal vibrations of a thin homogeneous
and rectilinear rod, whose axis coincides with the x-axis, the
displacement u=u(x, f) of a cross-section of the rod with
abscissa x satisfies, at time ¢, the equation

%u 2 0%u

o =% G
where =L (E is Young’s modulus and g is the density of the

rod). Determine the longitudinal vibrations of an elastic hori-
zontal rod of length =100 cm fixed at the end x=0 and pulled
back at the end x=100 by Ai=1 cm, and then released without
impulse.
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3107*. For a rectilinear homogeneous rod whose axis coincides
with the x-axis, the temperature u =u (x, ¢) in a cross-section with
abscissa x at time #, in the absence of sources of heat, salisfies

the equation of heat conduction
ou ,G’u

=9 5

where a is a constant. Determine the temperature distribution
for any time ¢ in a rod of length 100 cm if we know the initial
temperature distribution

u(x, 0)=0.01x(100—x).



Chapter X
APPROXIMATE CALCULATIONS

Sec. 1. Operations on Approximate Numbers

1°. Absolute error. The absolute error of an approximate number a which
replaces the exact number A is the absolute value of the difference between
them. The number A, which satisfies the inequality

|A—a| <A, M

is called the limiting absolute error. The exact number A is located within
the limits a—A << A<<a+ A or, more briefly, A=a + A
2°. Relative error. By the relative error of an approximate number a
replacing an exact number A (A > 0) we understand the ratio of the absolute
error of the number a to the exact number A. The number §, which satisfies
the inequality
|A—a]

——7‘—' <3, 2)

is called the limiting relative error of the approximate number a. Since in
actual practice A =a, we often take the number 6=% for the limiting

relative error.

3°. Number of correct decimals. We say that a positive approximate
number a written in the form of a decimal expansion has n correct decimal
places in a narrow sense if the absolute error of this number does not exceed
one half unit of the nth decimal place. In this case, when n >1 we can
take, for the limiting relative error, the number

L[ 1\
6“ﬁ(ﬁ> '

where & is the first significant '(xiiglit of the number a. And conversely, if it
. 1 - .
is known that 6<2_(k—+l) 10 , then the number a has n correct decimal

places in the narrow meaning of the word. In particular, the numlberna
10

If the absolute error of an approximate number a does not exceed a
unit of the last decimal place (such, for example, are numbers resulting
from measurements made to a definite accuracy), then it is said that all
decimal places of this approximate number are correct in a broad sense. If
there is a larger number of significant digits in the approximate number,
the latter (if it is the final result of calculations) is ordinarily rounded oft
so that all the remaining digits are correct in the narrow or broad sense.

definitely has n correct decimals in the narrow meaning if 6<—;—
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Hencetorth, we shall assume that all digits in the initial data are
correct (if rot otherwise stated) in the narrow sense. The results of inter-
mediate calculations may contain one or two reserve digits.

We note that the examples of this sectivn are, as a rule, the results of
final calculations, and for this reason the answers to them are given as
approximate numbers with only correct decimals.

4°, Addition and subtraction of approximate numbers. The limiting ab-
solute error of an algebraic sum of several numbers is equal to the sum of
the limiting absolute errors of these numbers. Therefore, in order to have,
in the sum of a small number of approximate numbers (all decimal places
of which are correct), only correct digits (at least in the broad sense), all
summands should be put into the form of that summand which has the
smallest number of decimal places, and in each summand a reserve digit
should be retained. Then add the resulting numbers as exact numbers, and
round off the sum by one decimal place

If we have to add approximate numbers that have not been rounded off,
they should be rounded off and one or two reserve digits should be retained.
Then be guided by the foregoing rule of addition while retaining the appro-
priate extra digits in the sum up to the end of the calculations.

Example 1. 215.21 +14.182 +21.4 = 215.2(1) + 14.1(8) + 21 4 =250.8.

The relative error of a sum of positive terms lies between the least and
greatest relative errors of these terms.

The relative error of a difference is not amenable to simple counting.
Particularly unfavourable in this sense is the ditference of two close numbers.

Example 2. In subtracting the approximate numbers 6 135 and 6.131 to
four correct decimal places, we get the difference 0 004. The limiting relative

20001 44 0001
error is 6= 0,004 =T=0'25' Hence, not one of the decimals

of the difference is correct. Therefore, it is always advisable to avoid
subtracting close approximate numbers and to transform the given expression,
if need be, so that this undesirahle operation is omitted.

5°. Multiplication and division of approximate numbers. The limiting
relative error of a product and a quotient of approximate numbers is equal
to the sum of the limiting relative errors of these numbers Proceeding from
this and applying the rule for the number of correct decimals (3°), we retain
in the answer only a definite number of decimals

Example 3. The product of the approximate numbers 25.3-4.12=104.236.

Assuming that all decimals of the factors are correct, we find that the
limiting relative error of the product is

1 1
6=2—‘.20'01 + 4-:—2-0.01 == 0.003.

Whence the number of correct decimals of the product is three and the
result, if it is final, should be written as follows: 25.3:4 12=104, or more
correctly, 25 3.4.12=104 2 £ (.3.

6°. Powers and roots of approximate numbers. The limiting relative error
of the mth power of an approximate number a is equal to the m-fold limiting
relative error of this number

The limiting relative error of the mth root of an approximate number a

is the —'Iﬁ-th part of the limiting relative error of the number a.

7°. Calculating the error of the result of various operations on approxi-
mate numbers. If Ag,, ..., Aa, are the limiting absolute errors of the appro-
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ximate numbers a,, ..., a,, then the limiting absolute error AS of the resulf
S=f(ay ..., a)
may be evaluated approximately from the formula

AS= 'd lAa,—{- .+ ()af Aa,,.
The limiting relative error S is then equal to
AS | 0f| Aa of | Aa
0S=—=|—— ! — | =l
1517 laa | " TAT T F|aa, T
_Olnf dinf
= |Aa,+...+|—d¥ Aa,.

Example 4. Evaluate S=1n(10.3+ V'4.4); the approximate numbers
10.3 and 4.4 are correct fo one decimal place.

Solution. Let us first compute the limiting absolute error AS in the

general form: S=1In(a+ V b), AS=——1~—T*(Aa +l —AL> . We have

a+t Vb 2 VT
.; we leave 2.1, since the relative error of

11
R

is then equal to %2%=%’; we can be sure of the first decimal place. Hence,

1 1 1 1 1 1 13
AS=q3Ted (WLE‘ : 20.2.1>=12.4-20 (‘+ m)—m~°-°"5-

Thus, two decimal places will be correct.

Now let us do the calculations with one reserve decimal:
log (10.34+ V4 4=~ 1log 12 4=1.093, 1n (10 3+ V' 4.4)=~1.093.2.303 = 2.517.
And we get the answer: 252

8°. Establishing admissible errors of approximate numbers for a given
error in the result of operations on them. Arplying the formulas of 7° for
the quantities AS or 6S given us and considering all particular differentials

of 6[ Aay
3, m equal, we calculate the admissible
absolute errors Aa,, ..., Aa,, ... of the approximate numbers a;, ... ,a,, ...
that enter into the operations (the principle of equal effects).

It should be pointed out that somelimes when calculating the admissible
errors of the arguments of a function it is not advantageous to use the
principle of equal effects, since the latter may make demands that are
practically unfulfilable In these cases it is advisable to make a reasonable
redistribution of errors (if this is possible) so that the overall total error does
not exceed a specified quantity. Thus, strictly speaking, the problem thus
posed is indeterminate.

Example 6. The volume of a “cylindrical segment”, that is, -a solid cut
off a circular cylinder by a plane passing through the diameter of the base
(equal to 2R) at an angle o to the base, is computed from the formula

Aa=Ab\_20. V14 = 2.0976..

the approximate number Vﬁ is equal to = ; the absolute error

’ Aa, or the quantities

V=% R? tan a. To what degree of accuracy should we measure the radius
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R =60 cm and the angle of inclination a so that the volume of the cylindrical
segment is found to an accuracy up to 1%?

Solution. If AV, AR and Aa are the limiting absolute errors of the
quantities V, R and a, then the limiting relative error of the volume V that
we are calculating is

3AR | 2Aa 1
b=tz <in"

3AR 1 2Aa 1
We assume T<2—® an m}<§66. Whence

R __60cm

AR<6—0-6-.—6—00—=1 min;
sin 2a 1 . ,
Ao < —Zﬁo—gmradlan-\.g.

Thus, we ensure the desired accuracy in the answer to 1% if we measure
the radius to 1 mm and the angle of inclination a to 9

3108. Measurements yielded the following approximate numbers
that are correct in the broad meaning to the number of decimal
places indicated:

a) 12°07'14"; b) 38.5 cm; c) 62.215 kg.

Compute their absolute and relative errors.

3109. Compute the absolute and relative errors of the follow-
ing approximate numbers which are correct in the narrow sense
to the decimal places indicated:

a) 241.7; b) 0.035; c) 3.14.

3110. Determine the number of correct (in the narrow sense)
decimals and write the approximate numbers:

a) 48.361 for an accuracy of 1%;

b) 14.9360 for an accuracy of 1%;

c) 592.8 for an accuracy of 2%.

3111. Add the approximate numbers, which are correct to the
indicated decimals:

a) 25.386 + 0.49+43.10+0.5;

b) 1.2-10*+41.72 4 0.09;

c) 38.1+2.0+3.124.

3112. Subtract the approximate numbers, which are correct
to the indicated decimals:

a) 148.1—63.871; b) 29.72—11.25; c) 34.22—34.21.

3113*, Find the difference of the areas of two squares whose
measured sides are 15.28 cm and 15.22 cm (accurate to 0.05 mm).

3114. Find the product of the approximate numbers, which
are correct to the indicated decimals:

a) 3.49.8.6; b) 25.1-1.743; c¢) 0.02-16.5. Indicate the possible
limits of the results.
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3115. The sides of a rectangle are 4.02 and 4.96 m (accurate
to 1 cm). Compute the area of the rectangle.

3116. Find the quotient of the approximate numbers, which
are correct to the indicated decimals:

a) 5.684 : 5.032; b) 0.144:1.2; c) 216:4.

3117. The legs of a right triangle are 12.10 cm and 25.21 cm
(accurate {o 0.01 cm). Compute the tangent of the angle opposite
the first leg.

3118. Compute the indicated powers of the approximate
numbers (the bases are correct to the indicated decimals):

a) 0.4158% b) 65.2% c) 1.5%,

3119, The side of a square is 45.3 cm (accurale to 1 mm).
Find the area.

3120. Compute the values of the roots (the radicands are
correct to the indicaled decimals):

a) V2.715; b) 1/652; ¢) V8I.1.

3121. The radii of the bases and the generatrix of a truncated
cone are R=23.64 cm+0.01 em; r=17.31 cm 4+0.01 cm; [ =
= 10.21 cm 0.0l cm; n=3.14. Use these data to compute the
total surface of the truncated cone. Evaluate the absolute and
relative errors of the result.

3122. The hypotenuse of a right {riangle is 15.4 ¢cm 4+ 0.1 cm;
one of the legs is 6.8 cm 0.1 cm. To what degree of accuracy
can we delermine the second lcg and the adjacent acute angle?
Find their values.

3123. Calculate the specific weight of aluminium if an alumin-
ium cylinder of diameter 2 cm and altitude 11 cm weighs
93.4 gm. The relative error in measuring the lengths is 0.01,
while the relative error in weighing is 0.001.

3124. Compute the current if the electromotive force is equal
to 221 volts 41 volt and the resistance is 809 ohms + 1 ohm.

3125. The period of oscillation of a pendulum of length [ is

equal to T
T=2n 1/-? N

where g is the acceleration of gravity. To what degree of accuracy
do we have to measure the length of the pendulum, whose period
is close to 2 sec, in order to obtain its oscillation period with a
relative error of 0.5%? How accurate must the numbers n and g
be taken?

3126. It is required to measure, {o within 1%, the lateral
surface of a truncated cone whose base radii are 2 m and 1 m,
and the generairix is 5 m (approximately). To what degree of
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accuracy do we have to measure the radii and the generatrix and
to how many decimal places do we have to take the number n?

3127. To determine Young’s modulus for the bending of a
rod of rectangular cross-section we use the formula

1 rp

=7 " d%s’
where [ is the rod length, b and d are the basis and altitude of
the cross-section of the rod, s is the sag, and P the load. To
what degree of accuracy do we have to measure the length [ and
the sag s so that the error E should not exceed 5.5%, provided
that the load P is known to 0.1%, and the quantities d and &
are known to an accuracy of 1%, ! & 50 cm, s~ 2.5 cm?

Sec. 2. Interpolation qf Functions

1°. Newton’s interpolation formula. Let x,, x,, ..., x, be the tabular val-
ues of an argument, the difference of which h=Ax; (Ax;=x;,,—x;; i=0,1,
..., n—1) is constant (table tnterval) and y,, y,, ., y, are the correspond-
ing values of the function y Then the value of the function y for an inter-
mediate value of the argument x is approximately given by Newton's inter-
polation formula

—1.. (¢— 1
9(a=1).. G=n+1)

—1
y=yo+q-Ayo+q(q2! YAty + Y (M
where q=x—x,, and Ay,=y,—Yy, A%,=Ay,— Ay, ... are successive finite
difierences of the furction y. When x=x; =0, 1, ..., n), the polynomial
(1) takes on, accordingly, the tabular values y; (¢ =0, 1, . ., n). As partic-

ular cases of Newtcn’s formula we obtain: for n=1, linear tnterpolation;
for n= 2, quadratic interpolation. To simplify the use of Newton’s formula,
it 1s advisabie first to set up a table of finite differences.

If y=f(x) is a polynomial of degree n, then

A"y; = const and A"+'y;=0

and, hence, formula (1) is exact

In tne general case, if f(x) has a continuous derivative f*+" (x\ on the
interval |a, b], which includes the points x4, x,, ..., x, and x, then the error
ol formula (1) is

n
—D...(g—i+]
Rn(x)=y—z"(q ) ,,(q LD gy
i=o0
—1...(g—
=pn+1 2 (n)_i_”('q "),(n+n(§)' @

where  is some intermediate value between x; (1=0, 1, ..., n) and x. For
practical use, the following approximate formula is more convenient:

Aﬂ+l
(—,;_*_—;l;,q(ll—l)n-w—")-

R, (x) =
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If the number n may be any number, then it is best fo choose it so that
the difference A”+'y,=~ 0 within the limits of the given accuracy; in other
words, the diflerences A"y, should be constant to within the given places of
decimals

Example 1. Find sin 26”15’ using the tabular data sin26°=0,43837,
sin 27° =0.45399, sin 28° = 0.46947,

Solution. We set up the table

! I x | Wi | Ay, Ay,

0 26° | 0 42837 | 1562 | —14

1 27° | 0 45399 | 1548

2 28° | 0 46947
__26°15"—26° l

Here, h=60", I=—%o =7
Applying formula (1) and using the first horizontal line of the table, we

have
1 /1
1 T (T" )
sin 26°l5’=0.43837+T 0.01562 4- ——2—,— - (—0.00014) =0.44229.

Let us evaluate the error R, Using formula (2) and taking into account
that if y=smx, then |y | <<, we will have:

1 /1 1

(1) (3-2) L
3l 180/ ~ 123 "57.33 4 )

Thus, all the decimals of sin 26°15’ are correct.

Using Newton's formula, it is alsc possible, from a given intermediate
value of the function y, to find the correspoading value of the argument x
(inverse interpolation). To do this, first determine the corresponding value ¢
by the method of successive approximation, putting

IR 1<

w Y=Y
d Ay,
an
g4 qo 9% @"=1 A%, ¢"¢"=D...(¢"—n+1) A%,
2! Ay, 7 n! Ay,

(t=0,1,2 ...).

Here, for ¢ we take the common value (to the given accuracy!) of two suc.
cessive approximations ¢'® =4'®+"Y  Whence x=x,4q-h.
Example 2. Using the table

X y=sinh x Ay I Ay
22 4,457 1.009 0.220
24 5.466 1 229

26 6.695

approximate the root of the equation sinhx=35,
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Solution. Taking y,=4.457, we have
5—4.457 0.543

) = = = N
= "To00 —T.009 0%
© (1 —g®) A? 0.538.0.462 0.220
W 00— Ay - . =
qP=q"+ 2 Ay, 058+ D) 1.009~
=0.538+-0.027 =0.565;
g =0.538 - 2:565:0.435 0.230_, 3¢ + 0,027 =0.565.

2 "1.009
We can thus take
x=2.240.565.0.2=2.24-0.113=2.313.

2°, Lagrange’s interpolation formula. In the general case, a polynomial of
degree n, which for x=ux; takes on given values y; ({=0, 1, ..., n), is given
by the Lagrange interpolation formula
— (Xx—x,) (x—x,) . . . (x—x,) + (x—xo) (x—x5)...(x—xy) y +
(xo—x;) (Xg— ). . . (xg—xp) O (X —xg) (ry—x5) .. (5 —xp)”t T T
(X—xo) (x—x7). .. (x—Xp_y) (K—Xp41). .. (x—2x,)
T (p—xo) (xp—xy) . . (tp— X~ 1) (X —Xp 1) . . (Xp—X,)
i (x—x) (x—x,). . .(x—x, ) v
o (xn_xo) (xn'—xl)'~~(xn"'xn-1) "

y

Yot ...

3128. Given a table of the values of x and y:

4(516

12 9l5

x l|23

y|3

16‘15

Set up a table of the finite diflerences of the function y.

3129. Set up a lable of differences of the function y=x*—
—b5x2+x-—1 for the values x=1, 3, 5, 7, 9, 11. Make sure that
all the finite differences of order 3 are equal.

3130*. Utilizing the constancy of fourth-order differences, set
up a table of differences of the function y=x*—10x* 4 2x* 4 3x
for integral values of x lying in the range 1<<x<<10.

3131. Given the table

log 1 =0.000,
log 2 = 0.301,
log 3=0.477,
log 4 =0.602,
log 5 = 0.699.

Use linear interpolation to compute the numbers: log 1.7, log 2.5,
log 3.1, and log4.6.
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3132. Given the table

sin 10°=0.1736, sin 13° = 0.2250,
sin 11°=0.1908, sin 14°—=0.2419,
sin 12°=0.2079, sin 15°=0.2588.

Fill in the table by computing (with Newton’s formula, for n=2)
the values of the sine every half degree.

3133. Form Newton’s interpolation polynomial for a function
represented by the table

el o] ]

yll'4ll5’40’85

3134*. Form Newton’s interpolation polynomial for a function
represented by the table

2,4'6!8'10

IBEEEE

X

Find y for x=>5.5. For what x will y=20?
3135. A function is given by the table

x—2l2‘4

Y '25 '—8'—15 —23

Form Lagrange’s interpolation polynomial and find the value of
y for x=0.

3136. Experiment has yielded the contraction of a spring (x mm)
as a function of the load (P kg) carried by the spring:
25 40

X 5.10

15l20

30’35

P | 49 I 105 I 172 I 253 ‘ 352 | 473 I 619 l 793

Find the load that yields a contraction of the spring by 14 mm.



376 Approximate Calculations [Ch. 10

3137. Given a table of the quantities x and y

x 5

0‘1

3|4

yll —3 25

129 ' 381

Compute the values of y for x=0.5 and for x=2: a) by means
of linear interpolation; b) by Lagrange’s formula.

Sec. 3. Computing the Real Roots of Equations

1°, Establishing initial approximations of roots. The approximation of the
roots of a given equation
f(x)=0 M

consists of two stages: 1) separating the roots, that is, establishing the inter-
vals (as small as possible) within which lies one and only one root of equa-
tion ('l); 2) computing the roots to a given degree of accuracy

If a function f(a) is defined and continuous on an interval [a, 6] and
f(a)-f(b) <O, then on [a, b] there is at least one root & of equaticn (1).
This root will definitely be the only one if f (x)>0 or ' (x) <0 when
a<x<b.

In approximating the root § it is advisable to use millimetre paper and
construct a graph of the function y=f(x). The abscissas of the points of
intersection of the graph with the x-axis are the roo!s of the equation f(x)=0.
It is sometimes convenient to replace the given equation with an equivalent
equation ¢ (x) =1 (»). Then the roots of the equation are found as the abs-
cissas of points of intersection of the graohs y=0¢ (x) and y=1 (x).

2°. The rule of proportionate parts (chord methed). If on an interval [a, b}
there is a unique root & of the equation f(x)=0, where the function f(x)
is continuous on [a, b], then by replacing the curve y=/(x) by a chord
passing through the points [a, f(a)] and [b, f(b)], we obtain the first
approximationi of the root

P A C) T
“=C e —r@ O @

To obtain a second approximation c,, we apply formula (2) to that one of
the intervals [a, ¢,] or [c,, 6] at the ends of which the function f(x) has
values of oppcsite sign. The succeeding approximations are constructed in the
same manner. The sequence of numbers ¢, (n=1, 2, ...) converges to the
root &, that is,

limc, =E.

n—-+w

Generally speaking, we should continue to calculate the approximations ¢,
€y ..., until the decimals retained in the answer cease to change (in accord
with the specified degree of accuracy!); for intermediate calculations, take
one or iwo reserve decimals This is a general remark.

If the function f (x) has a nonzero continuous derivative f'(x) on the
interval [a, b}, then to evaluate the absolute error of the approximate root
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c,, we can make use of the formula
|§_C"'<”(cn)|
IJ, i
where p= min blf’ x) |-

<
3. Nesvtor:’s method (method of tangents). If f'(x) # 0 and §" (x) # 0 for
a<<x<<b, where f(a)f(b) <0, f(a)f (a) >0, then the successive approxima-

tions x,(n=0, 1, 2, ...) to the root § of an equation f(x) =0 are computed
from the formulas
Xo=a, xp=ty_ =Lz (g9 ), (3)
O IR TRl (X ) T
Under the given assumptions, the sequence x,(n=1, 2, ...) is mono-
tonic and
lim x,=E.
n-—> o

To evaluate the errors we can use the formula

Ixn_g I élf(;:ll)‘_ .
where p= min |f" (x)].
# ag<x<b ) !
For practical purposes it is more convenient to use the simpler formulas
Xo=a, X,=x,_,—0f (x,_,) (n=1,2, ...), 3"
where a:;a, which yield the same accuracy as formulas (3).

If f(b)f (b) >0, then in formulas (3) and (3’) we should put x,=b.
4°, Iterative method. Let the given equation be reduced to the form

x=@ (x), 4)

where | @’ (x) |<<r <1 (r is constant) for a<<x<Cb. Proceeding from the ini-
tial value x, which belongs.to the interval [a, 6], we build a sequence of

numbers x,, X,, ... according to the following law:
H=Q(X), =0 (X)), ..., X, =@ (X,_1)s .. (5)
If a<x,<<b (n=1, 2, ...), then the limit
E=Iim x,
n—» o

is the only root of equation (4) on the interval [a, b]; that is, x, are succes-
sive approximations to the root §

The evaluation of the absolute error of the nth approximation to x, is
given by the formula

| Xp41—2%,
]g—x,,|<——"—l+.'_——r—"— .

Therefore, if x, and x, 4, coincide to within e, then the limiting absolute

error for x, will be -
In order to transform equation f(x)=0 to (4), we replace the latter with
an equivalent equation
x=x—Mf (),

where the number A # 0 is chosen so that the function ‘% [x—MAf ()] =1—Af’ (x}
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should be small in absolute value in the neighbourhood of the point x, [for
example, we can put 1—Af' (x) =0].

Example 1. Reduce the equation 2x—Inx—4 =0 to the form (4) for the
initial approximation to the root x,=2.5.

Solution. Here, f(x)=2x—Inx—4; [’ (x)=2-——)l? . We write the equiva-

lent equation x=x—A (2x—Inx—4) and take 0.5 as one of the suitable
values of A; this number 1is close to the root of the equation
ll-——k(2——>| =0, that is, close to -I—QO.G.
! x /lx=2.5 1.6

The initial equation is reduced to the form

x=x—0.5 (2x—In x—4)
or

x=2+-%—lnx.

Example 2. Compute, to two decimal places, the root E of the preceeding
equation that lies between 2 and 3.

Computing the root by the iterative method. We make use of the result

of Example 1, putting x,=2.5. We carry out the calculations using formulas
(5) with one reserve decimal.

x,=2—|——é— In 2.5 = 2.458,

xy=2+ 5 1n2.458 2 450,
x,=2+% 1n 2.450 = 2.448,
x4=2+—;— In2.448 ~2.448,

And so §=2 45 (we can stop here since the third decimal place has
‘become fixed)
Let us now evaluate the error. Here,

1 vl
q)(x)=2+—2— Inx and ¢ (x)_ﬁ.
Considering that all approximations to x, lie in the interval [2.4, 2.5], we
get

r=max | ¢’ (x) l=2—.;—4=0.21.

Hence, the limiting absolute error in the approximation to x; is, by virtue
of the remark made above,

0.001
A'—1-—0.21

=0.0012 = 0.001.

Thus, the exact root § of the equation lies within the limits
2 447 <t < 2.449;

we can take §==2.45, and all the decimals of this approximate number will
be correct in the narrow sense.
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Calculating the root by Newton’s method. Here,
f(x)=2x—Inx—4, f’(x)=2——’l‘-, f”(x)=xl—,.

On the interval 2<<x<3 we have: f'(x)>0 and f"(x)>0; f(2f(B) <0;
f(3) f"(3) > 0. Hence, the conditions of 3° for x,=3 are fulfilled.

We take | .

We carry out the calculations using formulas (3') with two reserve decimals:
x,=3—0.6(2-3—1n3—4)=2 4592;
xy=2.4592—0.6(2.2 4592—1In 2 4592 —4) =2 4481;
x3=2.4481—0.6 (2-2.4481 —1n 2.4481 —4) =2.4477,
x,=2.4477—0.6 (2.2 4477 —1n 24477 —4) =2 4475.

At this stage we stop the calculations, since the third decimal place
does not change any more. The answer is: the root §=2.45. We omit the
evaluation of the erron

5°. The case of a system of two equations. Let it be required to calcu-
late the real roots of a system of two equations in two unknowns (to a given

degree of accuracy):

(P(xv y)=0-

and let there be an initial approximation to one of the solutions (&, n) of
this system x=x;, y=y,.

This initial approximation may be obtained, for example, graphically,
by plotting (in the same Cartesian coordinate system) the curves f(x, y)=0
and ¢ (x, y)=0 and by determining the coordinates of the points of inter-
section of these curves.

a) Newton’s method. Let us suppose that the functional determinant

190 9
9 (x, y)

does not vanish near the initial approximation x=ux, y=y, Then by New-
ton’s method the first approximate solution to the system (6) has the form
X, =Xo+ g, Yy="Yo+ Po» Where a,, B, are the solution of the system of two.
linear equations

i (o Y0+ %y (Xor Yo) + Bof (%o Yo) =0,
P (%0 yo)+aoq’; (%o yo)+ﬁoq); (%o #5) =0.
The second approximation is obtained in the very same way:

Xy=%,+ 0, Y=4+b,
where a,, B, are the solution of the system of linear equations

F g +oufy (5 90 +Bif, (9 =0,
P (x ) +u|(P; (< 4+ ﬁl‘]);/ (%3, #,)=0.

Similarly we obtain the third and succeeding approximations.
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b) lterative method. We can also apply the iterative method to solving
the system ol equations (6), by transforming this system to an equivalent one

x=F(x, y),
7

{ y=0(x, y) @
and assuming that

|Fot [+]| 0,0 | <7 <L |Fy(x )| +]0,(x pp|<r<1  ®

in some two-dimensional neighbourhood U of the initial approximation (x,, y,),
which neighbourhood also contains the exact solution (§, n) of the system.

The sequence of approximations (x,. y,) (n==1, 2, ...), which converges
to the solution ol the system (7) or, what i1s the same thing, to the solution
of (6), is constructed according to the following law:

xy=F (x, 4g), 41 =D (x5, t),
x=F(x;, 1)), y3=P (x;, y)),
X3 =F (x5, 45), Y3=D (x,, ¥,),

..............

If all (x,, y,) belong to U, then lim x,=§, lim y,=n.
n-—®w n - x
The following technique 1s advised for transforming the system of equa-
tions (6) to (7) with condition (8) observed. We consider the system of
equations

{ af (x. ) +Po(x, y) =0,
vz, )+ 09 (x, y) =0,

which is equivalent to (6) provided that ‘z gI # 0. Rewrite it in the form
x=x+af (x, y) +Po (x, y) =F (x, ),
y=y+vf(x, ) +0p (x, y) =D (x, y).

Choose the parameters a, B, y, 6 such that the partial derivatives of the
functions F(x, y) <nd @ (x, y) will be equal or close to zero in the initial
anroxnnatlo.n; in other words, we find «, B, y, 0 as approximate solutions
ol the system of equations

1+ afy (%o, Yo) + By (%o, Yo) =0,
af, (%o, Yo) +B®,, (X0 45) =0,
Ve (Xor Yo) + 00, (x5, 4) =0,
1497, (%o, 40) + 09, (x5, 1) =0.

Condition (8) will be observed in such a choice of parameters a, B, y, 8
on the assumption that the partial derivatives of the functions f(x, y) and
¢ (1, y) do not vary very rapidly in the neighbourhood of the initial approx-
imation (x,, y,).

Example 3. Reduce to the form (7) the system of equations

. x4 yt—1=0,
W—y=0

.given the initial approximation to the root x,=0.8, y,=0.55.
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Solution. Here, f(x, y)=x'+4*—1, @(x, Y=x'—y; Fe ko yg)=1.6,

Fy o 90)=1.1; @y (%0, 90) =1.92, @, (%0, yo) =— 1.
Write down the system (that is equivalent to the initial one)
{ a(@+y*—1+p(—y) =0, (l“ 5];&0)
Y+ —1)+8 (*—y)=0 y, 8
in the form
x=x+a(+y*—1)+p(F*—y),
y=y+y (@ +yr—1)+d(x*—y).
For suitable numerical values of a, P, y and & choose the solution of the
system of equations
1+1.6a+41.928=0,
l.la—p =0,
1.6y +1.925 =0,
14 1.1ly—8=0;
i. e., we put a=~—0.3, p=~—0.3, y=—0.5, 6==0.4.
Then the system of equations
x=x—03(x*+1y*—1)—0.3(x*—y),
y=y—0.5(x*+4*—1)+04(x*—y),

which is equivalent to the initial system, has the form (7); and in a suffi-
ciently small neighbourhood of the point (x,, y,) condition (8) will be fulfilled.

Isolate the real roots of the equations by trial and error, and
by means of the rule of proportional parts compute them to two
decimal places.

3138. x*— x4 1=0.

3139. x*+05x—1.55=0.

3140, x*—4x —1=:0.

Proceeding from the graphically found initial approximations,
use Newton’s method to compute the real roots of the equations
fo two decimal places:

3141, x'—2x—5=0. 3143. 2%—4x.
3142. 2x—Inx—4=0. 3144. logx =

Utilizing the graphically found initial approximations, use the
iterative method to compute the real roots of the equations to
two decimal places:

3145. x*—5x-+ 0.1 =0. 3147, x*—x—2=0.

3146. 4x=cosx.

Find graphically the initial approximations and compute the
real roots of the equations and systems to two decimals:

3148. x’—3x+ 1=0. 3151. x-Inx—14=0.

3149. x*—2x* + 3x—5=0. 3152. x*+3x—0.5=0,

3150. x*+x*—2x—2=0. 3153. 4x—7sinx=0.
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3154, x*4+2x—6=0. 3157 { X+y—4=0,

3155. e+ e **—4=0. "l y—logx—1=0.
L4+y—1=0,

3156. { e y—o.

3158. Compute to three decimals the smallest positive root of
the equation tan x=«x.

3159. Compute the roots of the equation x-tanh x=1 to four
decimal places.

Sec. 4. Numerical Integration of Functions

1°. Trapezoidal formula. For the approximate evaluation of the integral
b

Sunu

a

[f (x) is a function continuous on [a, b]] we divide the interval of integration
[a, b] into n equal parts and choose the interval of calculations h=b—_a .
Let x;=x,+ih (x,=a, x,=b, i=0, 1, 2, ..., n) be the abscissas of the par-
tition points, and let y;=/f(x;) be the corresponding values of the integrand
y=F[(x). Then the trapezoidal formula yields

b
(rooacsn (252 1y tpnt ..+ M
a

with an absolute error of .
h
Rngﬁ(b—a)'sz

where M,=max | (x)| when a<<x<<b.
To attain the specified accuracy e when evaluating the integral, the in-
terval & is found from the inequality

12¢
< ——, 2
(b—a) M, @

That is, & must be of the order of V'e. The value of h obtained is rounded
off to the smaller value so that A
—a

——=n

h

should be an integer; this is what gives us the number of partitions n.
Having established & and n from (1), we compute the integral by taking the
values of the integrand with one or two reserve decimal places.

2°, Simpson’s formula (parabolic formula). If n is an even number, then
in the notation of 1° Simpson's formula

b
Jiwar=g ot om+ 4Gt gt oot +
@ +2WtYat ooty Q)
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holds with an absolute error of
h‘
R, < 180 b—a) M, 4)
where M,=max|f'v ()| when a<<x<<b.
To ensure the specified accuracy e when evaluating the integral, the
interval of calculations h is determined from the inequality

hl
155 (0 —a) Mo <e. ®)

That is, the interval h is of the order f/?. The number h is rounded off
to the smaller value so that n=b——n:iz is an even integer.

Remark. Since, generally speaking, it is difficult to determine the inter-
val h and the number n associated with it from the inequalities (2) and (5),
in practical work h is determined in the form of a rough estimate. Then,
after the result is obtained, the number n is doubled; that is, A is halved.
If the new result coincides with the earlier one to the number of decimal
places that we retain, then the calculations are stopped, otherwise the pro-
cedure is repeated, etc.

For an approximate calculation of the absolute error R of Simpson’s
quadrature formula (3), use can also be made of the Runge principle, accord-
ing to which

R=12—Z|
15

’

where £ and ¥ are the results of calculations from formula (3) with interval
h and H =2h, respectively.

3160. Under the action of a variable force F direcled along
the x-axis, a material point is made to move along the x-axis
from x=0 to x=4. Approximate the work A of a force F if a
table is given of the values of its modulus F:

x |n.o \0.5 \1.0 |1.5 |2.0 |2.5 |3.0 | 3.5 [ 4.0
F |1.50]0.75]0.50[0.75]1.5o|2.75| 4.50| 6.75 |1o.oo

Carry out the calculations by the trapezoidal formula and by
the Simpson formula.
1

3161. Approximate S(3x’—-4x) dx by the trapezoidal formula

putting n=10. Evaluate this integral exactly and find the abso-
lute and relative errors of the result. Establish the upper limit A
of absolute error in calculating for n=10, utilizing the error
formula given in the text,
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3162. Using the Simpson formula, calculate Xidi to four

x+1
decimal places, taking n=10. Establish the upper limit A of abso-
lute error, using the error formula given in the text.
Calculate the following definite integrals to two decimals:

1 2
dx sin x
3163, | ==, 3168. dx.
§l+x “5 x
1 d n ;
3164. | =X, 3169. | =% 4y,
§l+x § X
1 2
d. cos x
3165. Sﬂ% 3170. S‘ d
[ ln
. Y
3166. \ xlogxdx. cos x
5 3171, { 22 ax.
0

-

2
log x
3167. (“82ay. 3172. {e-* dx.
1 (]

3173. Evaluate to two decimal places the improper integral
S% by applying the substitution x=%. Verifgl the calculations
{)y applying Simpson’s formula to the integral S‘li_f?" where b

+ ®
. dx 1 - 1
is chosen so that S m,<7 - 1072,

b
3174, A plane figure bounded by a half-wave of the sine curve
y=sinx and the x-axis is in rotation about the x-axis. Using the
Simpson formula, calculate the volume ot the solid of rotation
to two decimal places.

3175*, Using Simpson’s formula, calculate to two decimal
places the length ot an arc of the ellipse ’—‘l—+(—03”2—22——),=1 situated
in the first quadrant.

Sec. 5. Numerical Integration of Ordinary Differential Equations

1°. A method of successive approximation (Picard’s method). Let there
be given a first-order differential equation

‘=fx 9 ‘1
subject to the initial condition y=y, when x=x,.
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The solution y (x) of (1), which satisfies the given initial condition, can,
generally speaking, be represented in the form ’

y(x)= lim y; (») (2)
{—>®
where the successive approximations y; (x) are determined from the formulas
Yo (X) =Y,
X
vi ) =po+ § 1 (x, s () dx
Xo
¢=0,1,2, ...).
If the right side f(x, y) is defined and continuous in the neighbourhood
R{|x—x,1<<a, |y—y,|<b}
and satisfies, in this neighbourhood, the Lipschitz condition

[Flxe, y)—F(x, ya) I<<L|y,—9,l

(L is constant), then the process of successive approximation (2) definitely
converges in the interval

|x—x0!<h’
where h——-m’;n (a, I—\b/l_) and M=max|f(x, y)|. And the error here is
R
| x—x, " !
— _ n
Rﬂ_ly(x) yﬂ (x)lglML (n+l)| ’

| x—x | < h.

The method of successive approximation (Picard’s method) is also appli-
cable, with slight modifications, to normal systems of differential equations.
Differential equations of higher orders may be written in the form of systems
of differential equations.

2°. The Runge-Kutta method. Let it be required, on a given interval
xo<<x<< X, to find the solution y (x) of (1) to a specified degree of accuracy e.

To do this, we choose the interval of calculations h=)—(:n'i° by dividing

the interval [x,, X] into n equal parts so that h* <e. The partition points
x; are determined from the formula

xy=xo+th (=0,1,2, ..., n).

By the Runge-Kutta method, the corresponding values y;==y (x;) of the desired
function are successively computed from the formulas

Yivr =Yi+ Ayi.
l D
Ayi=5 ( RO 4 200 + 268 + 1),

13—1900
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where
i=0,1,2, ..., nand
KO =F (x;, yi) b,

. h (SO
() L4 T,
k, '—f<x1+ g yi+ 5 )h- @)
(1)
h k
KO =f (xri-f ) y1+—-§——>h,

K= f (xi+h, yi+£P) b

To check the correct choice of the interval A it is advisable to verify
the quantity

i
k;)_kst)
k(lt)__kgz)

.

The fraction 0 should amount to a few hundredths, otherwise A has to be
reduced.

The Runge-Kutta method is accurale to the order of At A rough estimate
of the error of the Runge-Kutta method on the given interval [x;, X] may
be obtained by proceeding from the Runge principle:

_ l!/zm-.‘;m I
R_ 15 ’

where n=2m, y,,, and ¢, are the results of calculations using the scheme (3)
with interval A and interval 2h.
The Runge-Kutta method is also applicable for solving systemns of diffe-
reutial equations .
y'=f(x, 9,2, =0, y, 2 )

with given initial conditions y=y,, z=2, when x=x,.

3°. Milne’s method. To solve (1) by the M:lne method, subject to the
initial conditions y=y, when x=x,, we in some way find the successive
values

=y (x1), Y=Y (%2, Ys=U(x;)

of the desired function y(x) [for instance, one can expand the solution y (x)
in a series (Ch. I1X, Sec. 17) or find these values by the method of successive
approximation, or by using the Runge-Kutta method, and so forth]. The ap-

proximations y; and y=,' for the following values of y; ({=4, 5, ..., n) are
successively found from the formulas

4h
!/i"—‘!/i_¢+'§‘ (2f|'—a_fi-z+2f|‘-1)v
= h — ®)
yi=yi—z+'3—(fi+4fi—l+ft—z).
where f;=Ff (x;, y)) and [;=F (x;, y;). To check we calculate the quantity

11— =
ei=§§| Yi—Yil. ©)



Sec. 5] Numerical Integration of Ordinary Differential Equations 387

If e; does not exceed the unit of the last decimal 10~” retained in the

answer for y (x), then for y; we take y; and calculate the next value y,.,,
repeating the precess. But if ;> 107", then one has to start from the be-
ginning and reduce the interval of calculations. The magnitude of the initial
interval is determined approximately from the inequality A% < 10=™,

For the case of a solution of the system (4), the Milne formulas are
written separately for the functions y (x) and 2z (x). The order of calculations
remains the same.

Example 1. Given a differential equation y’=y—x with the initial con-
dition y (0)=1.5. Calculate to two decimal places the value of the solution
of this equation when the argument is x==1.5. Carry out the calculations
by a combined Runge-Kutta and Milne method.

Solution. We choose the initial interval & from the condition A* < 0.01.
To avoid involved writing, let us take 4 =0.25. Then the entire interval of
integration from x=0 to x=1.5 is divided into six equal parts of length
0.25 by means of points x; (=0, 1, 2, 3, 4, 5, 6); we denote by y; and y;
the corresponding values of the solution y and the derivative y’.

We calculate the first three values of y (not counting the initial one) by
the Runge-Kutta method [fromm formulas (3)]; the remaining three values
— Ys, Ys, Yg— we calculate by the Milne niethod [from formulas (5)]

The value of y, will obviously be the answer to the problem.

We carry out the calculations with two reserve decimals according to a
definite scheme consisting of two sequential Tables 1 and 2. At the end of
Table 2 we obtain the answer.

Calculating the value y,. Here, f(x, y)=—x+y, x,=0, y,=1.5

h=0.25. Ago=g (b 1268 + 2 4 £ =

=—é— (0.3750 4 2-0.3906 + 2-0.3926 4 0.4106) = 0.3920;

kO = f (x4, Yo) h= (— 04-1.5000)0.25 = 0.3750;

k()

B = | (x‘,+ —'21 . Ut ) h = (— 0.125 4 1.5000 4 0.1875) 0.25 = 0.3906;

k(0
RO - <xo+%. y°+‘T) h=(— 0 125+ 1.5000 4 0.1953) 0.25 — 0.3926;

RO =f (xo+h,  yo+ k) h=(—0.25- 1.5000 + 0.3926) 0.25 = 0.4106;

Y=Y+ Ay, =1.5000+0.3920=-1.8920 (the first three decimals 1n this
approximate number are guaranteed).
Let us check:

kgo) —kgo)
kio) _k(:)

_ 10.3006—0.30%6__ 20 _ .
= [0.3750—0.3906] 156 '

By this criterion, the interval h that we chose was rather rough.
Similarly we calculate the values y, and y,. The results are tabulated
in Table 1.

13*
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Table 1. Calculating y,, y,, ¥; by the Runge-Kutta Method.
fx, p=—x+y; h=0.25
h
, f (xi + ? ’
Value of i X Y ~f!/z;= ) ksl) 40 ki“
= 1] yl y‘ + 2#)
0 0 1.5000 1.5000 0.3750 1.5625 0.3906
1 0.25 1.8920 1.6420 0.4105 1.7223 0.4306
2 0.50 2.3243 1.8243 0.4561 1.9273 0.4818
3 075 2.8084 2.0584 0.5146 2.1907 0.5477
h
f (xi-l- ,
. 2 fe+h
6] [N i ;
Value of i k;‘) K s+ D) kO Ay; Yim
bit ‘z‘)
0 1.5703 0.3926 1.6426 0.4106 0.3920 1.8920
] 1.7323 0.4331 1.8251 0.4562 0.4323 2.3243
2 1.9402 0.4850 2.0593 0.5148 0.4841 2.8084
3 2.2073 0.5518 2.3602 0.5900 0.5506 3.3590

Calculating the value of y,. We have: f(x, y)=—x+y, h=025, x,=]1;

© Yo=1.5000, y,=1.8920, y,=2.3243, y,—2.8084;

Yo =1.5000, y;=1.6420, y,=1.8243, y,=2.0584,

Applying formulas (5), we find

- 4h , .
Ya=Yot 3 (24, —Y,+2,) =

3.=y,+3—"(3;+4y;+y;)=2.3243+

e‘=I.’/4

hence, there is no need to reconsider the interval of calculations.

4.0.25

= 1.5000 +-——= (2. 1.6420— 1.8243 4-22.0384) = 3.3588;
Ye=f (%4 §3)=— 1+ 3.3588 =2.3588;

0.25

—ya]_13.3588—3.3500 | _0.0002

29

29

29

3 (2.3588 - 4.2.0584 4 1.8243) = 3.3590;

= 7.10"° < -;— « 0.001;
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We obtain y4=yi=3.3590 (in this approximate number the first three
decimals are guaranteed).

T blSimilarly we calculate the values of y; and y,. The results are given in
able 2.

Thus, we finally have

y(1.5)=4.74.

4°. Adams’ method. To solve (1) by the Adams method on the basis of

the initial data y(x,)=y, we in some way find the following three values
of the desired function y (x):

n=yx)=y X+ h), yo=y (x) =y (Xo+2h), ys =y (x5) =y (x,+ 3h)

[these three values may be obtained, for instance, by expanding y(x) in a
power series (Ch IX, Sec. 16), or they may be found by the method of suc-

cessive approximation (1°), or by applying the Runge-Kutta method (2°)
and so forth].

With the help of the numbers x,, x,, x,, Xy and y,. Y5, Y2, ys We calcu-
late ¢,, 9,, 95 g5 Where

Go=hy,=hf (%o, Yo). @ =hy, =hf (x,, 4,),
gz=hy,=hf (x4, ys), qs=hy, =hf (x5, yy).

We then form a diagonal table of the finite differences of g:

el Wuﬁ?f% v=RE 9 | o yn | Ag=gne~an ___Aqf;f’qu" =£zl,?;,_
-4,

Xy |Uo | Blho ' [0 50) | 40 Aqo Alq, A%,

Xy | Y Ay, fxn 1) I ¢ l Ag, A%q, A%,

X3 | Yo Ay, f(xe 4s) | 92 Aq, A%q, A%,

Xy | s Ay, [(xs, 4s) | Qs Ag, A*q,

X | Ya Ay, | [t ¥ | 4a Aq,

Xs | Ys Ay, F (x5, yg) 9s

Xg | Yo
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The Adams method consists in continuing the diagonal table of differen-
ces with the aid of the Adams formula

1 5 3
A!/n:‘In'*‘? Agp_,y +E A’q"_,-l—g A%q,_s. (M

Thus, utilizing the numbers g¢,, Ag,, A%g,, A%q, situated diagonally in
the difference table, we calculate, by means of formula (7) and puttingn=3

in 1t, Ay,:q,+-;-qu+-15—2A’q,+% A%,. After finding Ay, we calculate

=ys+ Ay,. And when we know x, and y,, we calculate g,=hf(x,, y,),
mtroduce Ys» Ayy and 9% into the difference table and then f{ill into it the
finite differences Ag,, A%g,, A%,, which are situated (together with g,) along
a new diagonal parallel to the first one.

Then, utilizing the numbers of the new diagonal, we use formula (8)
(putting n=4 in it) to calculate Ay,, y; and g, and obtain the next diagonal:
g5, Ag,, A%q,, Aq,. Using this diagonal we calculate the value of y, of the
desired solution y(x), and so forth,

The Adams formula (7) for calculating Ay proceeds from the assumption
that the third finite differences A% are constant. Accordingly, the quantitvh
of the initial interval of calculations is determined from the inequality
h‘<m10"" [if we wish to obtain the value of y(x) to an accuracy of
10— ™.
In this sense the Adams formula (7) is equivalent to the formulas of
Milne (5) and Runge-Kutta (3).

Evaluation of the error for the Adams method is complicated and for
practical purposes is useless, since in the general case it yields results with
considerable excess. In actual practice, we follow the course of the third
finite differences, choosing the interval & so small that the adjacent diffe-
rences A%g; and Alg;,, differ by not more than one or two unitsof the given
decimal place (not counting reserve desimals).

To increase the accuracy of the result, Adams’ formula may be extended
by terms containing fourth and higher differences of g, in which case there
is an increase in the number of first values of the function y that are needed
when we first fill in the table. We shall not here give the Adams formula
for higher aceuracy.

Example 2. Using the combined Runge-Kutta and Adams method, calcu-
late to two decimal places (when x=1.5) the value of the solution of the
differential equation y'=y—x with the initial condition y(0)=1.5 (see
Example 1).

Solution. We use the values Y1, Y2, Uy that we obtained in the solution
of Example 1. Their calculation is given in Table 1.

We calculate the suhsequent values y,, y;, y, by the Adams method (see
Tables 3 and 4).

The answer to the problem is y,=4.74.

For solving system (4), the Adams formula (7) and the calculation scheme
shown in Table 3 are applied separately for both functions y(x) and z(x).

Find three successive approximations to the solutions of the
diflerential equations and systems indicated below.

3176. y' =x* +y*; y(O)—

77. y'=x+y+z2 2’ = 2z, y(0)=1, 2(0)=—2.

3178. y'=—y; y(0)=0, ( )=l
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Table 3. Basic Table for Calculating y,, y., y. by the Adams Method.
fx, )=—x+y h=025
(Italicised figures are mput data)

E t, v Ay y= %=y Ag, A, A%,
2 =f (x, y1)
S
0| 0 1.5000 ' 1.5000 0.3750 0 0355 0.0101 0 0028
1 |0.25 1.8920 ' 1.6420 | 0.4105 0.0456 0.0129 | 0 0037
210 50‘ 2.8243 ' 1.8243 | 0.4561 0.0585 { 0.0166 | 0.0047
310.75| 2.8084 0.5504 2.0584 0.5146 0.0751 0.0213
4[1 00| 3.3588 | 0.6356 | 2.3588 | 0.5897 | 0.0964
5(1 25| 3.9944 0.7450 | 2.7444 0.6861
6(1.50 |4.7394
Answer: 4.74
Teble 4 Auxiliary Table for Calculating by the Adams Method
1 5 3
Ay =qi+ 5 Adioy+ 15 8%t g A%i-s

Value of i _:_ Ag.—, ‘L, A%q, -, % ASgi_ Ay,

3 0.5146 0.0293 0.0054 ] 0.0011 | 0.5504

4 0 5897 0.0376 0.0069 0.0014 0.6356

5 0.6861 0.0482 l 0.0089 I 0.0018 0.7450
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Putting the interval h=0.2, use the Runge-Kutta method to
calculate approximately the solutions of the given differential
equations and systems for the indicated intervals:

3179. y'=y—x y(0)=1.6 (O<<x< ).

3180. y'=L—y; y()=1 (1<x<2).

3181, ¥ =241, 2 =y—x, y(0) =1, z(0)=1 O<<x<<1).
Applying a combined Runge-Kutta and Milne method or
Runge-Kutta and Adams method, calculate to two decimal places
the solutions to the differential equations and systems indicated
below for the indicated values of the argument;
3182. y'=x+y, y=1 when x=0. Compute y when x=0.5.
3183. y'=x*-y;, y=1 when x=0. Compute y when x=1.
3184. y'=2y—3; y=1 when x=0. Compute y when x=0.5.
3185. { y=—x+2y-+2,
2 =x+42y+3z, y=2, z==—2 when x=0.
Compute y and z when x=0.5.
3186. {y’=—3y—z,
2'=y—2z, y=2, 2=—1 when x=0.
Compute y and z when x=20.5.
3187. y'=2—y: y=2, y'= —1 when x=0.
Compute y when x=1.
3188. y*y"4+-1=0; y=1, y'=0 when x=1.
Compute y when x=1.5.

3189. ‘(i—?f,-}—%coth:O; x=0, x'=1 when ¢=0.
Find x(m) and x’ (%).

Sec. 6. Approximating Fourier Coefficients

Twelve-ordinate scheme. Let y,=f(x,) (n=0, 1, ..., 12) be the values

of the function y={f(x) at equidistant points x,,=£6'1 of the interval [U,2nr],

and y, -4, We set up the tables:

,!/o Y Y2 Ys Ya Ys Ys
Y11 Yo Yo Ys Ya

Sums (2) Uo Uy Uy Uy Uy Ug Ug
Differences (A) U, Uy, Uy U, Ug
Ug Uy Uy Uy Uy Uy Uy
Ug Ug Uy Us U,
Sums Sy Sy S3 Sy Sums g, 0, 0,
Dillerences ty Uy ty Differences T, Ty
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The Fourier coefficients a,, b, (n=0, 1, 2, 3) of the function y=f(x)
may be determined approximately from the formulas:

6ay=So+ S, + S3 -+ S5, 6b, = 0.50, + 0.8660, 4 oy,

6a, = ¢, 0.866¢, - 0.5¢,, 6b,=0.866 (1, + T,),
6a,=5,—S;+0.5(s;—s,), 6by=0,—0y,

6ay=t,—1ts . )

V3 11
where O.SGG—T—\. l'—m—% -
We have

s
Fx) = % + Z (a, cos nx b, sin nx).
n=j

Other schemes are also used. Calculations are simplified by the use of

patterns.
Example. Find the Fourier polynomial for the function y=f(x) (0<<yx<2n)

represented by the table

Yy { Yo ‘ Yn

Yq l!/s

Yo yl'yzlya,yalys'ye
38 { 38 l 12 | 4 ‘ 14,’ 4 ’—18‘—23]—27‘——24'8 |32

Solution. We set up the tables:
38 38 12 4 14 4 —18

Y1 30 8 —94 —97 —93

u|387020 —20 —13 —19 —18

v 6 4 28 41 97
o8 0 20 —2 L 6 a8

—18 —19 — 13 27 41
s| 20 51 7—29 o| 33 4598
(| 56 8 33 v|—21—37

From formulas (1) we have
2,=9.7, a,=24.9; a,=10.3; a,=3.8;
b,=13.9; b,=—8.4; b,=0.8.
Consequently,

f(x) = 4.8+ (24.9 cos x + 13.9 sin x) 4 (10.3 cos2x — 8.4 sin 2x) +
-+ (3.8 cos 3x 4 0.8 sin 3x).

Using the 12-ordinate scheme, find the Fourier polynomials
for the following functions defined in the interval (0,2x) by the
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tables of their values that correspond to the equidistant values
of the argument.

. 3190, y,=—7200 y,=4300 y,=7400 y,=7600

y, =300 Y, == Yy, =—2250 y, = 4500
y,=T700 Yy, =—>5200 y,=3850 y,, =250
3191. y, =0 Y, =972  y,=742 Y, =5.60

y,=6.68  y,=897 y,=681 y —4.88
¥, =968  y, =818 y,=6.22 y. =367
3192. y,=2.714 y,=1273 y,=0.370 y, =—0.357
y,=3.042 4 =0788 5 =0.540 y , =—0.437
y,=2.13¢ 4y, =0.495 y,=0.191 4, =0.767

3193. Using the 12-ordinate scheme, evaluate the first several
Fourier coefficients for the following functions:

a) f(x)= él——nz (¢’ —3nx® +20x) (0 << x << 2m),

b) [ () == (x—n)? O<x<2n).



ANSWERS

Chapter 1

1. Solution. Since a=(a—b)+0b, then |a|<|a—b|+|b|. Whence ,a—b[;
=|a|—|b| and |a—b|=|b—a|>=|b|—]|a|. Hence, |a—b|>|a|-—| |
Besides, |a—b|_]a+(—b)|<|al+|—b| |al+|b| 3. a) —2<x<4;

b)x<—3 x>1c¢) —-1<x<0;d) x>0 — —6; 0; 00651,
s VIFS (7 VTt YV T2 6.m & 7 0. 7. f(x)———x+ 3

8. f(x)=—zx’——x+l 9. 0.4. 10. —2-(x+|x|) 11, 3) —1l<<x <+ o0;

b)—w <x <+ 0. 12 (—w,—2),(—2,2), 2, +®).13.3) —0 <x<—V 2,
V2<x<+w; b) x=0, |x = V3 14 —l<z<2. Solution. It should
be 2+4+x—x*=>0, or x—x—— < 0; that is, (x4 1) (x—2) <<0. Whence either
x+1=0, x—2<0, —I<x<2 or x4+1<<0, x—2=0,i.e., x<<—1,
x=2, but this is impossible. Thus, — l<<x<<2. 15. —2<x<0.
16 —0o <x<—1, 0<x<<]. 17, —2<x<2. 18 —1l<x<], 2<x<+ 0.

19. —%<x<l. 2. 1<x<100. 21, bn<r<hut (h=0, £1, £2,...).
22, @ (x) =2x*—5x2—10, P (x) =— 3x*- 6x. 23. a) Even, b) odd, c¢) even, d)odd,
e) odd.24. Hint. Utilize the identity f (x)=%[f )+ f (—x)] +l[f (x)—f (—x)].

26. a) Periodic, T=-§—n, b) periodic, T—— ¢) periodic, T =m, d) periodic

T ==, e) nonperiodic. 27. y=c£x, fl<ry<<c; y=b if c<x<a; S=2%x’

if 0<x<c; S=bx—%€ if e<x<<a. 28. m=gq,x when 0<<x<!l; m=

=¢,l;+qo(x—1;) when I, <x<<l,+1, m=q,l,+q,l,+qs (x—1I,—1,) when
Ltl,<x<l, +l +l,=1. 29. cp[\|J(Jc)]—-2”‘.i|)[q)(x)]—2"2 30. x. 31. (x4 2)2.

T 4—.38. a) y=0 when x=—1, y>0 when x>—1, y<0

37- ——2', 0,

when x<—1; b) y=0 when x=—1 and x=2, y>0 when —1<x<?2,
y<0 when —w0o <x<—1 and_2<x<+0_o; ¢) y>0 when — oo <x< - oo;
d) y=0 when x=0, x=— V3 and x=V 3, y>0 when —V3<x<0 and
V3<x<+ 0, y<Owhen —oo<x<<— V§ and 0<x< V-E; e)y=0when x=1,

y>0when— oo <x<—1and 1<x<+ o0, y<0 when 0<x<1 39. a) x=% (y—3)
(—wo<y<+4ew), b) x=Vy+l and x=— Vy+1 (-l y<+ w);
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o) x=}T=P (—o<y<+w) d) x=2.10Y (—wo<y<+w); ¢ r=

1

1 n —
=—tany| —% <y<—2-). 40. x=y when —oo<y<O0; x=Vy when

3 2
0<y<+o. 41. a) y=u", u=2x—5 b) y=2% wu=cosx; c) y=logu,
u=tanuv, v=—’2£-; d) y=arc sinu, u=3° v=-—x2 42. a) y=sin®x; b) y=

= arc tan Vlogx; ) y=2(*—=1) if |x|<1, and y=0 if [x|>1.
43. a) y=—cosx?, Vn<|x|<V2n; b) y=log(10—10%), —0 <x<1;
c) y=—;—when —ow<x<0 and y=x when 0<<x<+ . 46. Hint. See Appen-
dix VI, Fig. 1. 51. Hint. Completing the square in the quadratic trinomial
we will have y=y,+a(x—x,)* where x,=—b/2a and y,=(4ac—b%)/4a.
Whence the desired graph is a parabola y=ax? displaced along the x-axis by
x, and along the y-axis by Yo- 53. Hint. See Appendix VI,
Fig. 2. 58 Hint. See  Appendix Vl, Fig. 3. 61. Hint

The graph is a hyperbola y=% , shifted along the x-axis by x, and along

the y-axis by y, 62. Hint. Taking the integral part, we have y=%—%/

(x+ %) (Cf. 61*). 65. Hint. See Appendix VI, Fig. 4. 67.Hint. See Appendix VI,

Fig. 5. 71. Hint. See Appendix VI, Fig. 6. 72. Hint. See Appendix VI,
Fig. 7. 73. Hint. See Appendix VI, Fig. 8. 75. Hint. See Appendix VI,
Fig. 19 78. Hint. See Appendix VI, Fig. 23. 80. Hint. See Appendix VI,
Fig. 9. 81. Hint. See Appendix VI, Fig. 9. 82. Hint. See Appendix VI,
Fig. 10 83. Hint. See Appendix VI, Fig. 10. 84. Hint. See Appendix VI,
Fig 11, 85. Hint. See Appendix VI, Fig. 11. 87. Hint. The period of the function

is T=2n/n, 89. Hint. The desired graph is the sine curve y=>5 sin 2x with am-
plitude 5 and period = displaced rightwards along the x-axis by the quantity

1 % . 90. Hint. Putting a=A cos g and b=—A4 sin ¢, we will have y=A sin (x—¢)
where A=V a®+b* and ¢ =arc tan( -%)' In our case, A=10, ¢=0.927. 92.

Hint. cos?x= —;— (1 4-cos 2x). 93. Hint. The desired graph is the sum of the graphs

y,=x and y,=sinx. 94. Hint. The desired graph is the product of the graphs
y,=x and y,=sinx. 99. Hint. The function is even For x>0 we determine
the points at which 1) y=0; 2) y=1; and 3) y=—1. When x — -+ 0,
y — 1. 101, Hint. See Appendix VI, Fig. 14. 102, Hint. See Appendix VI,
Fig. 15. 103. Hint. See Appendix VI, Fig. 17. 104. Hint. See Appendix VI,
Fig. 17. 105. Hint. See Appendix VI, Fig. 18. 107. Hint. See Appendix VI,
Fig. 18. 118. Hint. See Appendix VI, Fig. 12. 119. Hint. See Appendix VI,
Fig. 12. 120. Hint. See Appendix VI, Fig. 13. 121, Hint. See Appendix
VI, Fig. 13. 132. Hint. See Appendix VI, Fig. 30. 133.Hint. See Appendix VI,
Fig. 32. 134. Hint. See Appendix VI, Fig. 31. 138. Hint. See Appendix VI,

Fig. 33. 139. Hint. See Appendix VI, Fig. 28. 140. Hint. See Appendix VI,
Fig. 25. 141, Hint.
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Form a table of values:

t 0 1'2]3 ...l——l —21_3
x 0 1‘8 ‘27' ..l_x —8‘—27
y|0l1‘4|9‘..|ll4‘9

Constructing the points (x, y) obtained, we get the desired curve (see Appen-
dix VI, Fig. 7). (Here, the parameter ¢ cannot be laid off geometrically!)
142. See Appendix VI, Fig. 19. 143. See Appendix VI, Fig. 27. 144, See
Appendix VI, Fig. 29. 145. See Appendix VI, Fig. 22 150. See Appendix VI,
Fig. 28. 151. Hint. Solving the equation for y, we get y=+ VB =% 1t is
now easy to construct the desired curve from the points. 153. See Appen-
dix VI, Fig. 21. 156. See Appendix VI, Fig. 27. It is sufficient to construct

the points (x, y) corresponding to the abscissas x=0, 4- g—, + a. 157. Hint.

Solving the equation for x, we have x=:10 logy—y ™). Whence we get the
points (x, y) of the sought-for curve, assigning to the ordinate y arbitrary
values (y > 0) and calculating the abscissa x from the formula ™® Bear in
mind that logy - — oo as y-— 0. 159. Hint. Passing to polar coordinates
r=V2+4* and tan(p=—% , we will have r=e? (see Appendix VI, Fig 32)

160. Hint. Passing to polar coordinates x=rcos¢, and y=rsin ¢, we will

_ 3singcos @ : : _
have r_cos’(p-l-sin’(p (see Appendix VI, Fig. 32) 161. F=3241, 8C
162. y=0.6x(10—x); Ymax=15 when x=5. 163. =52[zsinx; ym“=u_2b

whenx:—--g—. 164. a) x,=—;-, x,=2; b) x=0.68;, c) x,=1.37, x,=10;
d) x=0.40; e) x=150; f) x=0.86. 165. a) x,=2, y,=5; x,=5, y,=2;
b) y=—3, h=—2 x,=—2, §=—3; 5,=2,4,=3x,=3, y;=2; ¢) x,=2,
=2, %31, y,=—2.5; d) x,=~—36, y,=~—3.1; ,=—27, y,=29

X =29, yy=1.8; x,=~3.4, y,=—1.6; e) x‘=%—, y|_—_—2—2; Xy = %J_t
y,=——VTQ. 166. n > —!: .a)n=4,b) n>10; ¢) n=32. 167. n>—1—-—
Ve e

—1=N, a) N=9; b) N=99; c) N=999. 168. 6=% (e<1). a) 002
b) 0 002; c) 0.0002. 169. a) logx <—N when 0 <x < §(N); b) 2* > N when
x>X(N); ¢ |f(x)|>N when (x> X (N). 170. a) 0; b) 1; c) 2; d) 57(—) .
171, -;— 172. 1. 173. ——g-. 174. 1. 175. 3. 176. 1. 177. % 178. %— Hint.
Use the formula 1'+2’+...+n’=—l§n (n4-1)(2n+1). 179. 0. 180. 0. 181. 1,
182. 0. 183. . 184. 0. 185. 72. 186. 2. 187. 2. 188. oo. 189. 0. 190. 1. 191. 0.

1 a—1 R 1
192, oo, 193. —2. 194. . 195. 3 196. 57 - 197. 3x%. 198, —1. 199. 5 -
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4 1 1
200. 3. 201. — . 202. g - 203. —55" 204. 12. 205.

208. ! 209. l__ 210. ~1 211. 0. 212,

I

ey x T Y 37 2
5 1 1

2

215. 0. 216. a) —;—sin2; b) 0. 217. 3. 218. 5 219. -5- 220. ;. 221,

222, cosa. 223. —sina. 224. ;. 225. cos x. 226. _——V_‘ 227. a) 0; b) I,
1
230. —_— 5 2__ 2 2
0. 231. V_ 232. (n m). 283. 5. 234. L

1

2

2 1 1 1
£l

!

213. — 4. 214

wnN’Iw
w

228.

. 237, —— . 2390 . 240. 1. 241, 1. 242, — .,
37 i 238. m. 239 3 240. 1. 241. 1. 242 1

243. 0 244, —23— 245. 0. 246. e~'. 247. . 248. e~'. 249, e~ %,

235.

1 1
250. e*. 251. e. 252. a) 1. Solution. lim (cosx)* = llm[l—(l—cosx)] ¥ =
—>0

X—>0

2sin1 =
1 2

1 9sin? X N

—1i _2.,£?=. —9sin? X 2 _
lim <1 sin 2) lim [(l sin 2)

x>0 x>0

2sin? sin 5\ 2
Since lim\ — p = —21lim In =—2.1. hm 7 =0, it follows

X—>0 x>0 X0

1
that lim (cos x) *
X0

2sin? X
1 im " —2 Sill’i-
N ) X—>0 X . .
case (see a), lim (cos x)"" =e . Since lim\ ———/ =
X0

2
X—>0 x

1
=e’=1. b) 728' Solution. As in  the  preceding

ox\2 1
sins\ _, 1 L

= —2lim 22 ——_—, 1t follows that lim (cosx)* =e ? =
L 4x2 2

X->0

| %

2
V.__ 253. In2. 254. 10loge. 255. 1. 256. 1. 257. ——;—. 258. 1. Hint.
Put e*—1=q, where a—0. 259. Ina. Hint. Utilize the identity a=e'"?®
260. Ina Hint. Put %:a, where a -0 (see Example 259) 261. a—b.

262. 1. 263. a) 1; b) % 264. a) —1; b) 1. 265. a) —1; b) 1. 266. a) 1; b) 0.
267. a) 0; b) 1. 268. a) —1; b) 1. 269. a) —1; b) 1. 270. a) —oo; b) + .
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271. Solution. If x# kn (=0, £1, £2,...), then cos’x<1 and y=0;
but if x=kn, then cos’x=1 and y=1. 272, y=x when 0<x<l;y=-;-

when x=1; y=0 when x> 1 273. y=|x| 274. =—%— when x<0; y=0
when x=0;y=% when x>0. 276. y=1 when 0<x<1; y=x when
1< x <4 o. 276. 495% 2717. x,—»—%—; Xxg—> . 278, =n.  279. 2nR.
J—
200 ¢ o811 L ose VI oea timac,=L . 285 % 2s6. 4=,
e—1 3 f_ n-»o 3 2
e?—1
/ . . . X241
b=0; the straight line y=x is the asymptote of the curve y=ari-

287. Q"=Q, (l +’—;—t)n, where k& is the proportionality factor (law of

compound interest); Q,=Qoe’". 288. |xl>—:—, a) |x|>10; b) 1x|> 100;

c)|x|>1000.289.|x—ll<—;—- when O<e<l1; a) |x—1]<0.05;

b) |x—1]<0.005; ¢) | x—1|< 00005 200. |x—2| < —

N 8; a) 8=0.1;

b) 8=0.01; ¢) 8=0.001, 291. a) Second, b) third. . 292. a) 1; b) 2

o) w i

1

—2—)
c) 3. €93 a) l; b) %; c) %—; d) 2; e) 3. 295. No 296. 15. 297. —1. 208. —1.
299. 3. 300. a) 1.03(10206); b) 0.985(0.9849); c) 3.167(3.1623) Hint.

YVio=Vifi=3 ]/1 +%; d) 10.954 (10.954). 301. 1) 0.98 (0 9804);
2) 1.03(1.0309); 3) 0.0095(0.00952); 4) 3.875(3.8730); 5) 1.12(1.125);
6) 0 72 (0.7480); 7) 0.043 (0.04139). 303, a) 2; b) 4; c) -;—-. d) % 307. Hint.
If x>0, then when |Ax|{<x we have |Vx+Ax— Vixl=
=1A"l/(V-;‘TE—X+ V'x) <l Ax I/V}. 309. Hint. Take advantage of the
inequality [cos (x+ Ax)—cos x| <<| Ax| 310. a) x # -’;— +kn, where k is an

integer; b) x # kn, where & is an integer 311. Hint. Take advantage of the
inequality ||x+Ax|—|x||<<|Ax| 313. A=4. 314. f(0)=1. 315. No

316. a) f(O)=n; b) [O=5;0) [(0)=2 d) f(O)=2¢) f(0)=0; D) [(0)=1.

317. x=2is a discontinuity of the second kind. 318. x=—1 is a removable dis-
continuity. 319. x=-—2is a discontinuity of the second kind; x=2 is a removable
discontinuity 320. x=0 is a discontinuity of the first kind. 321. a) x=0 is
a discontinuity of the second kind; b) x=0 is a removable discontinuity. 322. x=0
isa removable discontinuity, x=kn (k= 41, 42, ...) are infinite discontinuities

32, x=2mk £ 5 (k=0, £1, £2,..) are infinite discontinuities.

3?4. x=kn (k=0, £ 1, +£2, ...) are infinite discontinuities. 325. x=0 is a
discontinuity of the first kind. 326. x=—1 is a removable discontinuity;
x=1 is a point of discontimuity of the first kind. 3827. x=—1 is a discon-
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tinuity of the second kind. 328. x=0 is a removable discontinuity. 329. x=1
is a discontinuity of the first kind. 330. x=3 is a discontinuity of the first
kind. 832. x=1 is a discontinuity of the first kind. 333. The function is
continuous. 334. a) x=0 is a discontinuity of the first kind; b) the function
is continuous; ¢) x=~kn (& is integral) are discontinuities of the first kind.
335. a) x==k (k is integral) are discontinuities of the first kind; b) x==%
(k # 0 is integral) are points of discontinuity of the first kind. 337. No, since
the function y=E (x) is discontinuous at x=1, 338. 1.53. 339. Hint. Show
that when x, is sufficiently large, we have P (—x,;) P (x,) <O.

Chapter 1l

341. a) 3; b) 0.21; c) 2n++h 342. a) 0.1; b) —3; ¢) /a+th—} Q.
344. a) 624; 1560; b) 0.01; 100; ¢) —1; 0.000011. 345. a) aAx; b) 3x*Ax +

2x A Ax)? 2x 4+ Ax
+3x(Ax)2 4+ (Ax)*;  3x*+3x Ax+(Ax)% ) — ;, (;:’;’-—(Ax’;') P —a (iiA;)’ :
— - 1 2 (2% —1)
d Ax— ;| —————— ox(8%_y), = 7.
) Vitax—Vx TS e) 27 ( 1) "

f) 1n’i+x—A"-. ﬁln(l—i— éxi‘) 36. a) —1; b) 0.1; ¢) —h; 0. 347. 2.

348. 15 cm/sec. 349, 7.5. 350. [E T AN —F () 351 ¢ () = lim [ ETEAN—T ()
Ax Ax—>0 Ax

A@. py 99 _ |im A® h f .
352. a) A b) 5 At"—T:oZT, where ¢ is the angle of turn at time ¢.

353. a) %7‘:; b)g=altigloﬁ_:" where T is the temperature at time ¢.

354. ng lim .A_Q_, where Q is the quantity of substance at time ¢.
dt  At-o At

Am Am

1 5
. 27. b) lim 2= 356. —_—=~—0.16; b) = =~—0238;
35. ) Ax ) AxTo Ax 2) 6 ) 21

[ — %% ~—0249; y,_,=—0.25. 357. sec? x. Solution.

y' = lim tan (x4 Ax)—tan X_ \im sin Ax — 1 sin Ax
Ax >0 Ax Ax»0 Axcosxcos (x4 Ax) Axso Ax

2 1
i = = sec®x. 358. 3x% b)) — £

XALTo cosxcos (x+ Ax)  cos?x sec X a) 3x% b) e <) Ve

d =L 30 L Solution.  f'(8)= lim [B+A&0—[(8) _

sin® x Ax >0 Ax

2

/8=y 8 lim 8+ Ax—8 _
Ax Axso Ax [}/ B T A0+ 3/ B+ Ao 8+ 3/

1

1
= lim =—. 360. [ (0)=—8, [ (1)=0,
Ax>0 3/ (84 Ax 423/ 8+Ax +4 12
f(2)=0. 31. x,=0, x,=3. Hint. For the given function the equation
f'(®=f(x) has the form 3x*=x 362. 30m/sec. 363. 1, 2. 364. —1.

365. [ (x°)=_—’l. 366. —1, 2, tan@ =3. Hint. Use the results of Example 3
x

X

= lim
Ax->0

o , /(B 1
and Problem 365. 367. Solution. a) f’ (0)= lim = hm =4 oo
Ax—»o  Ax Ax>03/ Ax



